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T H E  S TAT U S  Q U O

Learning is framed as loss minimization.

F O RMU L AT I O N

Empirical risk minimization
minθ ∑i ℓ(f(xi; θ), yi)

G R A D I E N T S

Backpropagation

S O F TWA R E

PyTorch · TensorFlow · JAX

O P T I M I Z E R

SGD · Adam · etc.



A  N EW  F O R M U L AT I O N

From loss minimization to feasibility seeking.
G R A D I E N T - B A S E D  M I N I M I Z AT I O N

Descend a scalar loss surface in parameter
space.

Loss

Parameter

P R O J E CT I O N - B A S E D  F E A S I B I L I T Y

Find a state (parameters + activations) in the
intersection of constraints.

Variable 1

Variable 2



F R O M  D ATA  A N D  A R C H I T E C T U R E  TO  F E A S I B I L I T Y

Data and architecture become constraints.
D ATA  C O N S T R A I N T

Each example constrains the network
output.

dog

cat

OUTPUT  C O N STR A I NT dog > cat

A R C H I T E CT U R E  C O N S T R A I N T

Each primitive function constrains its inputs
and output.
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P R I M IT IVE  C O N STR A I NT ⟨ h, w ⟩ = y
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ANOTHER
SAMP L E
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cat

PA RAME T E R
CONS ENSU S w (1) = w (2) copies of shared weights must

agree



P R O J E C T I O N  M E T H O D S

Projection methods iterate toward feasibility.
S I N G L E  P R O J E CT I O N

Move an infeasible state to the nearest
point on one constraint set.

{ (h, w, y) | ⟨ h, w ⟩ = y }
closest feasible 
point

(h′, w′, y′)
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Projection methods iterate toward feasibility.
S I N G L E  P R O J E CT I O N

Move an infeasible state to the nearest
point on one constraint set.

P R O J E CT I O N  M E TH O D

Repeat projections across constraint
sets to reach their intersection.

Variable 1

Variable 2
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point
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P A R A L L E L  P R O J E C T I O N  S T E P S

Local projections enable parallel updates.
G R A P H  B I P A R T I T I O N

Project all nodes in one partition in
parallel, then alternate.

PART IT ION  A PART IT ION  B

⇄  A LT E R N AT E

S C A L A B I L I T Y

Parallel projections scale more gently
with depth.
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T H E  S O F T WA R E  L AY E R

PJAX is the projection analogue of autodiff.

TRA IN ING .PY

from pjax import nn, optim

inputs, targets = batch
model  = MLP(784, 256, 10)
params = model.init(key)
solver = optim.DouglasRachford()

def loss_fn(params):
    logits = model.apply(params, inputs)
    return nn.cross_entropy(logits, targets)

params, loss = solver.update(loss_fn, params)

01
US E R

Write a forward computation in a familiar API.

↓

02
TRACE

Build the computation graph for a batch.

↓

03
AT TACH

Attach projection operators to primitive constraints.

↓

04
SO LV E

Iterate projections and extract parameters.



E M P I R I C A L  VA L I D AT I O N

Projection-based training can improve over SGD.

SGD Projection
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