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• Optimizing black-box functions by 
point-wise evaluation

• Evaluations are expensive and 
should be chosen carefully

• E.g. lab experiments with desired
outcome or hyper-parameter 
tuning for ML models
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Algorithm 1 Asynchronous BO with q workers
Require: Oracle f(·), acquisition function ω(·), glob-

ally stored data D0 = {(xi, yi)}
n0
i=1, time budget T

1: initialize: B → {xj}
q
j=1 quasi-random

2: spawn: q worker processes
3: start timer
4: for xj ↑ B do
5: start worker j with query f(xj)
6: end for
7: while elapsed time < T do
8: if j completes query (xn+1, yn+1) then
9: Dn+1 → Dn ↓ {(xn+1, yn+1)}

10: B → B \ {xn+1}

11: GPj → fit-surrogate(GPj , Dn+1)
12: x

→
→ argmax

x↑X
ω(x | Dn+1)

13: B → B ↓ {x
→
}

14: start worker j with query f(x→)
15: end if
16: end while
17: return i

↓ = argmaxi yi and (xi→ , yi→)

chronous BO with q workers. Importantly, in this
work we consider a fully distributed set up, where each
worker performs all steps of the BO algorithm locally,
with access to the globally shared data set, Dn. Thus,
the only source of idle workers is reading from and writ-
ing to Dn. These operations are protected by a lock,
and the resulting idle times are negligible in practice.

Gaussian Process surrogate A zero-mean Gaus-
sian Process (GP) prior, GP(0, kω(·, ·)), is placed on
f(·) and defined through a positive definite covariance
function kω : X ↔ X ↗↘ R, with hyperparameters ε,
including lengthscales ϑ ↑ Rd. The GP is a standard
choice, as it allows for the incorporation of prior knowl-
edge on smoothness, periodicity, and trend of f(·),
as well as an analytical posterior (Williams and Ras-
mussen, 2006).

For a Gaussian observation model with noise ϖ
2 and

data Dn = (X,y), the posterior predictive distribution
at any given input location, x, is Gaussian with,

p(f(x) | Dn) = N (f(x) | µ(x | Dn),ϱ
2(x | Dn)). (1)

The posterior mean and variance are analytically
tractable as,

µ(x | Dn) = kω(x,X)MXXy (2)
ϱ

2(x | Dn) = kω(x, x) ≃ kω(x,X)MXXkω(X,x) (3)

with MXX ⇐ (KXX + ϖ
2In)↔1 and KXX the ker-

nel matrix of input locations X, i.e., [KXX ]ij =
kω(xi, xj) ⇒ i, j ↑ [n].
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Figure 2: Synchronous vs. asynchronous BO with q = 3
workers. The asynchronous BO can run more experi-
ments in the same overall time.

Acquisition functions in asynchronous BO In
sequential and asynchronous BO alike, a new input
location x

→
↑ X is chosen, as soon as an evaluation

resource (e.g., a GPU) becomes available. The choice,
x

→, is made by maximizing the acquisition function.

Standard acquisition functions considered in this work
are the Upper Confidence Bound (UCB) (Auer, 2002;
Srinivas et al., 2010) and the Expected Improvement
(EI) (Mo!kus, 1975; Jones et al., 1998). For numerical
reasons (Ament et al., 2023) we work with the natural
logarithm of the EI (LogEI). Due to the insistence on
Hypothesis 1, to the best of our knowledge, these stan-
dard heuristics have not been considered in previous
literature, not even as simple baselines. Instead, nu-
merous works have devised elaborate solutions, which
can be grouped as follows.

In asynchronous BO, Monte Carlo sampling methods,
such as the expected LogEI (E-LogEI), estimate the ex-
pected acquisition function given q ≃ 1 busy locations,
B ↑ X

q↔1, under the surrogate (Ginsbourger et al.,
2011; Janusevskis et al., 2012; Snoek et al., 2012). Hal-
lucination heuristics, such as the Kriging Believer (KB),
replace the q ≃ 1 unknown function values with some
value, e.g., the posterior mean (Ginsbourger et al., 2010,
2007). Randomness-based heuristics, e.g., Thompson
sampling (TS) or AEGIS, introduce a sampling step
in the acquisition, aiming to ensure query diversity
(Kandasamy et al., 2018; De Ath et al., 2021b). Pe-
nalization-based methods (LP and LLP) down-weight
the acquisition function at and around busy locations
(Alvi et al., 2019). A more detailed discussion of these
methods can be found in Appendix A.
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Figure 3: One full asynchronous BO step for the UCB (left), LP-UCB (middle), and the KB-UCB (right). Row 1
corresponds to line 6 in Algorithm 1, with n0 = 3 initial samples and q = 2 initialized workers, w1 and w2. In row
2, w2 finishes first, the GP-surrogate is updated with the new sample (green), and the acquisition function is
optimized (orange). Notably, all methods query almost the same location, even the standard UCB, which does
not take into account the busy locations. See Figure E.1 for subsequent iterations showing a similar trend.

3 THEORETICAL ANALYSIS

The prior works presented in Section 2, concerned with
resolving Hypothesis 1, do not provide any theoretical
or empirical evidence for repeated or redundant queries,
despite using them as a motivation for their methods.
In this section, we present theoretical arguments for
why standard acquisition can work well in asynchronous
BO and why certain purpose-built methods might not.

3.1 Bayes simple regret bound for
asynchronous UCB

While not considering busy locations, B, in the acquisi-
tion may seem counter-intuitive, this is a commonality
of our approach with work on asynchronous TS by
Kandasamy et al. (2018). Perhaps surprisingly, the au-
thors show that asynchronous TS achieves essentially
equivalent theoretical performance for a given number
of observations, n, as its optimally informed sequential
counterpart. This is supported by showing that the re-
spective Bayes simple regrets (BSR) after n completed
evaluations,

BSR(n) = E[f(x→) → max
i↑[n]

f(xi)], (4)

admit upper bounds of asymptotically the same order,
O(·), in n. The expectation is w.r.t. the prior on f , the
observation noises {ωi}

n
i=1, as well as any randomness

in the algorithm, e.g., GP posterior samples in TS.

For the asynchronous UCB, we present the following
bound on the BSR, which is equivalent to the bound
on asynchronous TS in Kandasamy et al. (2018).
Theorem 1 (Informal. Bound on BSR(n) for asyn-
chronous UCB). Let f ↑ GP(0, kω(·, ·)). Then, for

the UCB acquisition function used asynchronously (see
Algorithm 1), the Bayes simple regret after n queries
can be bounded as

BSR(n) ↭
√

εq log(n)!n

n
. (5)

Proof. A formal statement and proof are given in Ap-
pendix B.

The bound is given in terms of the maximum infor-
mation gain (MIG), !n, after n evaluations, and the
quantity εq. Under an RBF kernel, the MIG grows as
!n ↓ log(n)d+1 (Srinivas et al., 2010), i.e., sub-linearly.
Intuitively, εq represents the cost of operating asyn-
chronously, quantifying the missing information in the
q → 1 busy locations, and is bounded independently of
n. See Appendix B for formal definitions of both !n

and εq.

By the same reasoning as in Kandasamy et al. (2018),
this provides strong theoretical motivation for why the
standard UCB should work well in the asynchronous
setting. Namely, its BSR(n) admits an upper bound
of the same asymptotic order as that of the optimally
informed sequential TS. In particular, this shows that
good performance can be theoretically guaranteed, even
when neither accounting for busy locations nor injecting
randomness. Further intricacies, including the bounds
presented by Kandasamy et al. (2018) are discussed in
Appendix B.

3.2 The expected UCB is the Kriging Believer

Under the GP surrogate, the unknown function val-
ues, yb = {yj}

q↓1
j=1, at the busy locations, B = {xj}

q↓1
j=1,
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Figure 3: One full asynchronous BO step for the UCB (left), LP-UCB (middle), and the KB-UCB (right). Row 1
corresponds to line 6 in Algorithm 1, with n0 = 3 initial samples and q = 2 initialized workers, w1 and w2. In row
2, w2 finishes first, the GP-surrogate is updated with the new sample (green), and the acquisition function is
optimized (orange). Notably, all methods query almost the same location, even the standard UCB, which does
not take into account the busy locations. See Figure E.1 for subsequent iterations showing a similar trend.
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corresponds to line 6 in Algorithm 1, with n0 = 3 initial samples and q = 2 initialized workers, w1 and w2. In row
2, w2 finishes first, the GP-surrogate is updated with the new sample (green), and the acquisition function is
optimized (orange). Notably, all methods query almost the same location, even the standard UCB, which does
not take into account the busy locations. See Figure E.1 for subsequent iterations showing a similar trend.
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standard UCB should work well in the asynchronous
setting. Namely, its BSR(n) admits an upper bound
of the same asymptotic order as that of the optimally
informed sequential TS. In particular, this shows that
good performance can be theoretically guaranteed, even
when neither accounting for busy locations nor injecting
randomness. Further intricacies, including the bounds
presented by Kandasamy et al. (2018) are discussed in
Appendix B.

3.2 The expected UCB is the Kriging Believer

Under the GP surrogate, the unknown function val-
ues, yb = {yj}

q↓1
j=1, at the busy locations, B = {xj}

q↓1
j=1,
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Figure 3: One full asynchronous BO step for the UCB (left), LP-UCB (middle), and the KB-UCB (right). Row 1
corresponds to line 6 in Algorithm 1, with n0 = 3 initial samples and q = 2 initialized workers, w1 and w2. In row
2, w2 finishes first, the GP-surrogate is updated with the new sample (green), and the acquisition function is
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3 THEORETICAL ANALYSIS

The prior works presented in Section 2, concerned with
resolving Hypothesis 1, do not provide any theoretical
or empirical evidence for repeated or redundant queries,
despite using them as a motivation for their methods.
In this section, we present theoretical arguments for
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BO and why certain purpose-built methods might not.

3.1 Bayes simple regret bound for
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tion may seem counter-intuitive, this is a commonality
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Kandasamy et al. (2018). Perhaps surprisingly, the au-
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counterpart. This is supported by showing that the re-
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evaluations,

BSR(n) = E[f(x→) → max
i↑[n]

f(xi)], (4)

admit upper bounds of asymptotically the same order,
O(·), in n. The expectation is w.r.t. the prior on f , the
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n
i=1, as well as any randomness

in the algorithm, e.g., GP posterior samples in TS.

For the asynchronous UCB, we present the following
bound on the BSR, which is equivalent to the bound on
asynchronous TS in Kandasamy et al. (2018). odijwdoi-
wejdoiwjoijwodjwjwdwsdksdkopsdkpokdkposkxow dsd-
wsdwed

Theorem 1 (Informal. Bound on BSR(n) for asyn-
chronous UCB). Let f ↑ GP(0, kω(·, ·)). Then, for
the UCB acquisition function used asynchronously (see
Algorithm 1), the Bayes simple regret after n queries
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BSR(n) ↭
√

εq log(n)!n

n
. (5)

Proof. A formal statement and proof are given in Ap-
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The bound is given in terms of the maximum infor-
mation gain (MIG), !n, after n evaluations, and the
quantity εq. Under an RBF kernel, the MIG grows as
!n ↓ log(n)d+1 (Srinivas et al., 2010), i.e., sub-linearly.
Intuitively, εq represents the cost of operating asyn-
chronously, quantifying the missing information in the
q → 1 busy locations, and is bounded independently of
n. See Appendix B for formal definitions of both !n

and εq.

By the same reasoning as in Kandasamy et al. (2018),
this provides strong theoretical motivation for why the
standard UCB should work well in the asynchronous
setting. Namely, its BSR(n) admits an upper bound
of the same asymptotic order as that of the optimally
informed sequential TS. In particular, this shows that
good performance can be theoretically guaranteed, even
when neither accounting for busy locations nor injecting
randomness. Further intricacies, including the bounds
presented by Kandasamy et al. (2018) are discussed in
Appendix B.
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.

render the acquisition function, ω(x | Dn, (B,yb)), a
random function. As Ginsbourger et al. (2011) point
out, it is not clear how to deal with this randomness,
since the optimization of a random function is not a
well-defined task. The proposed solution is to optimize
the expected acquisition function, in particular the EI.
Due to the intractability of this expectation, this is esti-
mated from Monte Carlo samples (see Appendix A.2).

Using a di!erent approach, penalization-based meth-
ods (LP and LLP) by Alvi et al. (2019) attempt to
approximate the expected UCB as

ωLP (x | B) → E[ωUCB(x | Dn, Db) | Dn,B] (6)

=

∫
ωUCB(x | Dn, Db) p(yb | Dn)dyb.

(7)

Unlike for the EI, we show that for the UCB, this
integral is in fact analytically tractable and leads to a
well-known heuristic.
Proposition 1 (Expected UCB is the Kriging Be-
liever). Consider the random Upper Confidence Bound,
ωUCB(x|Dn, (B,yb)), of the GP surrogate posterior,
with unobserved function values, yb, at known busy
locations, B. Then it holds that

E[ωUCB(x | Dn, (B,yb)) | Dn,B]

= ωUCB(x | Dn, (B, µb))
(8)

with µb the GP posterior mean at B.

Proof. The proof is given in Appendix C.

We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
over the values at busy locations gives the UCB we
would get by simply assuming the posterior mean, µb,
at B. This is a hallucination-based heuristic well known
as the Kriging Believer (Ginsbourger et al., 2010). On
the other hand, Proposition 1 then gives an additional
insight into the Kriging Believer. We have now shown
that, in the case of the UCB, the Kriging Believer is
the expected acquisition function.

We have thus shown that the UCB penalization-based
methods, as well as the Kriging Believer, are con-
structed from the expected acquisition function, not
taking into account higher-order moments of the ran-
dom acquisition function ω(x | Dn, (B,yb)). This pro-
vides a theoretical underpinning for the poor perfor-
mance of these methods (Alvi et al., 2019; De Ath et al.,
2021a), which we further demonstrate in Section 5.1.

4 CONCEPTUAL ARGUMENTS

After presenting some theoretical motivation for why
standard acquisition can work well and other heuristics
may not, we turn to a more conceptual investigation
of Hypothesis 1.
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LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.
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(8)

with µb the GP posterior mean at B.

Proof. The proof is given in Appendix C.

We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
over the values at busy locations gives the UCB we
would get by simply assuming the posterior mean, µb,
at B. This is a hallucination-based heuristic well known
as the Kriging Believer (Ginsbourger et al., 2010). On
the other hand, Proposition 1 then gives an additional
insight into the Kriging Believer. We have now shown
that, in the case of the UCB, the Kriging Believer is
the expected acquisition function.
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methods, as well as the Kriging Believer, are con-
structed from the expected acquisition function, not
taking into account higher-order moments of the ran-
dom acquisition function ω(x | Dn, (B,yb)). This pro-
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mance of these methods (Alvi et al., 2019; De Ath et al.,
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LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
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method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
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random function. As Ginsbourger et al. (2011) point
out, it is not clear how to deal with this randomness,
since the optimization of a random function is not a
well-defined task. The proposed solution is to optimize
the expected acquisition function, in particular the EI.
Due to the intractability of this expectation, this is esti-
mated from Monte Carlo samples (see Appendix A.2).

Using a di!erent approach, penalization-based meth-
ods (LP and LLP) by Alvi et al. (2019) attempt to
approximate the expected UCB as

ωLP (x | B) → E[ωUCB(x | Dn, Db) | Dn,B] (6)

=

∫
ωUCB(x | Dn, Db) p(yb | Dn)dyb.

(7)

Unlike for the EI, we show that for the UCB, this
integral is in fact analytically tractable and leads to a
well-known heuristic.
Proposition 1 (Expected UCB is the Kriging Be-
liever). Consider the random Upper Confidence Bound,
ωUCB(x|Dn, (B,yb)), of the GP surrogate posterior,
with unobserved function values, yb, at known busy
locations, B. Then it holds that

E[ωUCB(x | Dn, (B,yb)) | Dn,B]

= ωUCB(x | Dn, (B, µb))
(8)

with µb the GP posterior mean at B.

Proof. The proof is given in Appendix C.

We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
over the values at busy locations gives the UCB we
would get by simply assuming the posterior mean, µb,
at B. This is a hallucination-based heuristic well known
as the Kriging Believer (Ginsbourger et al., 2010). On
the other hand, Proposition 1 then gives an additional
insight into the Kriging Believer. We have now shown
that, in the case of the UCB, the Kriging Believer is
the expected acquisition function.

We have thus shown that the UCB penalization-based
methods, as well as the Kriging Believer, are con-
structed from the expected acquisition function, not
taking into account higher-order moments of the ran-
dom acquisition function ω(x | Dn, (B,yb)). This pro-
vides a theoretical underpinning for the poor perfor-
mance of these methods (Alvi et al., 2019; De Ath et al.,
2021a), which we further demonstrate in Section 5.1.

4 CONCEPTUAL ARGUMENTS

After presenting some theoretical motivation for why
standard acquisition can work well and other heuristics
may not, we turn to a more conceptual investigation
of Hypothesis 1.
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.
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since the optimization of a random function is not a
well-defined task. The proposed solution is to optimize
the expected acquisition function, in particular the EI.
Due to the intractability of this expectation, this is esti-
mated from Monte Carlo samples (see Appendix A.2).
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approximate the expected UCB as

ωLP (x | B) → E[ωUCB(x | Dn, Db) | Dn,B] (6)
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locations, B. Then it holds that
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= ωUCB(x | Dn, (B, µb))
(8)

with µb the GP posterior mean at B.

Proof. The proof is given in Appendix C.

We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
over the values at busy locations gives the UCB we
would get by simply assuming the posterior mean, µb,
at B. This is a hallucination-based heuristic well known
as the Kriging Believer (Ginsbourger et al., 2010). On
the other hand, Proposition 1 then gives an additional
insight into the Kriging Believer. We have now shown
that, in the case of the UCB, the Kriging Believer is
the expected acquisition function.
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methods, as well as the Kriging Believer, are con-
structed from the expected acquisition function, not
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.

render the acquisition function, ω(x | Dn, (B,yb)), a
random function. As Ginsbourger et al. (2011) point
out, it is not clear how to deal with this randomness,
since the optimization of a random function is not a
well-defined task. The proposed solution is to optimize
the expected acquisition function, in particular the EI.
Due to the intractability of this expectation, this is esti-
mated from Monte Carlo samples (see Appendix A.2).

Using a di!erent approach, penalization-based meth-
ods (LP and LLP) by Alvi et al. (2019) attempt to
approximate the expected UCB as

ωLP (x | B) → E[ωUCB(x | Dn, Db) | Dn,B] (6)
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Unlike for the EI, we show that for the UCB, this
integral is in fact analytically tractable and leads to a
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Proposition 1 (Expected UCB is the Kriging Be-
liever). Consider the random Upper Confidence Bound,
ωUCB(x|Dn, (B,yb)), of the GP surrogate posterior,
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locations, B. Then it holds that

E[ωUCB(x | Dn, (B,yb)) | Dn,B]

= ωUCB(x | Dn, (B, µb))
(8)

with µb the GP posterior mean at B.

Proof. The proof is given in Appendix C.

We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
over the values at busy locations gives the UCB we
would get by simply assuming the posterior mean, µb,
at B. This is a hallucination-based heuristic well known
as the Kriging Believer (Ginsbourger et al., 2010). On
the other hand, Proposition 1 then gives an additional
insight into the Kriging Believer. We have now shown
that, in the case of the UCB, the Kriging Believer is
the expected acquisition function.

We have thus shown that the UCB penalization-based
methods, as well as the Kriging Believer, are con-
structed from the expected acquisition function, not
taking into account higher-order moments of the ran-
dom acquisition function ω(x | Dn, (B,yb)). This pro-
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2021a), which we further demonstrate in Section 5.1.
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.
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Due to the intractability of this expectation, this is esti-
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Proof. The proof is given in Appendix C.

We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
over the values at busy locations gives the UCB we
would get by simply assuming the posterior mean, µb,
at B. This is a hallucination-based heuristic well known
as the Kriging Believer (Ginsbourger et al., 2010). On
the other hand, Proposition 1 then gives an additional
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
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the expected acquisition function, in particular the EI.
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We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
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2021a), which we further demonstrate in Section 5.1.
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.

render the acquisition function, ω(x | Dn, (B,yb)), a
random function. As Ginsbourger et al. (2011) point
out, it is not clear how to deal with this randomness,
since the optimization of a random function is not a
well-defined task. The proposed solution is to optimize
the expected acquisition function, in particular the EI.
Due to the intractability of this expectation, this is esti-
mated from Monte Carlo samples (see Appendix A.2).

Using a di!erent approach, penalization-based meth-
ods (LP and LLP) by Alvi et al. (2019) attempt to
approximate the expected UCB as

ωLP (x | B) → E[ωUCB(x | Dn, Db) | Dn,B] (6)

=

∫
ωUCB(x | Dn, Db) p(yb | Dn)dyb.

(7)

Unlike for the EI, we show that for the UCB, this
integral is in fact analytically tractable and leads to a
well-known heuristic.
Proposition 1 (Expected UCB is the Kriging Be-
liever). Consider the random Upper Confidence Bound,
ωUCB(x|Dn, (B,yb)), of the GP surrogate posterior,
with unobserved function values, yb, at known busy
locations, B. Then it holds that

E[ωUCB(x | Dn, (B,yb)) | Dn,B]

= ωUCB(x | Dn, (B, µb))
(8)

with µb the GP posterior mean at B.

Proof. The proof is given in Appendix C.

We use the fact that µ(· | Dn, Db) is linear in yb and
that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
over the values at busy locations gives the UCB we
would get by simply assuming the posterior mean, µb,
at B. This is a hallucination-based heuristic well known
as the Kriging Believer (Ginsbourger et al., 2010). On
the other hand, Proposition 1 then gives an additional
insight into the Kriging Believer. We have now shown
that, in the case of the UCB, the Kriging Believer is
the expected acquisition function.

We have thus shown that the UCB penalization-based
methods, as well as the Kriging Believer, are con-
structed from the expected acquisition function, not
taking into account higher-order moments of the ran-
dom acquisition function ω(x | Dn, (B,yb)). This pro-
vides a theoretical underpinning for the poor perfor-
mance of these methods (Alvi et al., 2019; De Ath et al.,
2021a), which we further demonstrate in Section 5.1.
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LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.
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that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.
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would get by simply assuming the posterior mean, µb,
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.
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that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.

From the above result, it can be seen that marginalizing
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would get by simply assuming the posterior mean, µb,
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Figure 4: Sample trajectories for the sequential UCB, the asynchronous (standard) UCB, and the purpose-built
LP-UCB, with the same initial data. Like sequential UCB, the asynchronous UCB discovers the global optimum
(red) within the budget of 15 iterations, despite performing the occasional close query. The penalization-based
method LP-UCB over-explores the search space and does not find the optimum within the budget. See Figure E.2
for more runs and di!erent methods.
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Proof. The proof is given in Appendix C.
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that ε(· | Dn, Db) only depends on the known input
locations, X and B, but not on the unknown function
values.
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the other hand, Proposition 1 then gives an additional
insight into the Kriging Believer. We have now shown
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Figure 6: Standard acquisition dominates on synthetic tasks. This observation is robust to the dimension-
ality and the number of workers, whereas the performance of the purpose-built methods is always worse and
more sensitive to task parameters (see also Figures G.1 and G.2).

where ωn,j > 0 is the lengthscale corresponding to
dimension j → [d] of an ARD kernel, kω(·, ·), as intro-
duced in Section 2, at iteration n of Algorithm 1. While
ωn is a measure for the covariance between function
values under the GP-surrogate averaged over all d axes,
!ωn reflects the change in this covariance compared to
the previous iteration.

Exploration phase and kernel update The up-
dated kernel lengthscales, ωn+1 → Rd, in particular,
will a!ect the shape of the surrogate posterior and
ultimately the acquisition. The lengthscales are up-
dated together with the other kernel hyperparameters
from εn to εn+1 to fit the updated data, Dn+1 (line
11 in Algorithm 1). This is done by optimizing the
unnormalized posterior, p(ε|yn+1), as

εn+1 = argmax
ω

log p(yn+1 | ε) + log p(ε), (12)

in a gradient-based manner.

In Figure 5, we find empirically that the magnitude
of this update is largest in the early stages of the op-
timization and essentially vanishes towards the end.
Intuitively, in the exploration phase with little data,
the new datum will carry significant information on
the lengthscales. Being a global property of the surro-
gate, the lengthscales can shift the acquisition function
optimum, even if the new datum is in an unpromising
region, thereby facilitating exploration of the search
space.

Exploitation phase and likelihood update For
most common kernels, the nature of the likelihood up-
date is local, forcing the GP posterior mean, µ(·|Dn+1),
to pass close by the new datum. That is, yn+1 ↑

µ(xn+1|Dn+1), depending on the observation noise
level, ϑ

2. Also, the uncertainty, expressed via the
posterior variance ϖ

2(·|Dn+1), collapses to at most the

observation noise, ϑ2, at the input xn+1, reflecting the
gain in information at and around this location. Note
that this collapse occurs even if yn+1 already lies on
the posterior mean, i.e., yn+1 = µ(xn+1 | Dn). This
local update changes the acquisition function around
(xn+1, yn+1).

In the exploitation phase, kernel lengthscales have ef-
fectively converged for standard acquisition methods
(Figure 5). Thus, we can no longer rely on the kernel
update later in the optimization, but we argue that this
may not even be necessary. In the exploitation phase,
queries should lie close together, and the acquisition
function optimum only needs to be shifted locally in
each update. As argued above, this local shift is exactly
what the likelihood update can provide.

5 EXPERIMENTAL EVALUATION

We support our theoretical and conceptual insights
from Sections 3 and 4 with experiments on a range
of synthetic, real-world and hyperparameter tuning
tasks. After demonstrating excellent performance of
standard acquisition functions (Section 5.1), we inves-
tigate the exploration-exploitation trade-o! made by
both standard and purpose-built acquisition functions
(Section 5.2).

5.1 Optimization tasks

Following common practice, we report the logarithm of
the simple regret, R, log(R) = log |f

→
↓ y

→
n|, where f

→

is the known function optimum. We plot the median of
the log(R) together with the inter-quartile range. For
details on the implementation1 and tasks, please refer
to Appendices D and F.

1We make our code available at https://github.com/

fortuinlab/SAIS-BO
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The standard UCB has bounded Bayes simple 
regret equivalent to Thompson sampling.

By enforcing diversity, existing methods over-
explore the search space.

Standard acquisition functions perform very 
well, and usually better than existing methods.
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