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1. What is Bayesian optimization (BO)?
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1. What is Bayesian optimization (BO)?

2. What changes in high-dimensional spaces (HDBO)?



Curse of dimensionality — problem



Curse of dimensionality — problem

GP-UCB simple regret (Srinivas et al., 2010):

𝑟𝑇 = 𝒪︀(√log(𝑇 )𝐷+1

𝑇
)

Achieving 𝜀-accuracy requires 𝑇  growing exponentially in 𝐷!
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Curse of dimensionality — solutions

1. Structural assumptions:

• trust regions

• random embeddings

• variable selection

• …

2. Non-linear surrogate (smoother)



Smoother surrogates (“Vanilla BO”)

Vanilla Bayesian Optimization Performs Great in High Dimensions

Carl Hvarfner 1 Erik O. Hellsten 1 2 Luigi Nardi 1 2

Abstract
High-dimensional problems have long been con-
sidered the Achilles’ heel of Bayesian optimiza-
tion. Spurred by the curse of dimensionality, a
large collection of algorithms aim to make it more
performant in this setting, commonly by imposing
various simplifying assumptions on the objective.
In this paper, we identify the degeneracies that
make vanilla Bayesian optimization poorly suited
to high-dimensional tasks, and further show how
existing algorithms address these degeneracies
through the lens of lowering the model complex-
ity. Moreover, we propose an enhancement to
the prior assumptions that are typical to vanilla
Bayesian optimization, which reduces the com-
plexity to manageable levels without imposing
structural restrictions on the objective. Our modi-
fication - a simple scaling of the Gaussian process
lengthscale prior with the dimensionality - reveals
that standard Bayesian optimization works drasti-
cally better than previously thought in high dimen-
sions, clearly outperforming existing state-of-the-
art algorithms on multiple commonly considered
real-world high-dimensional tasks.

1. Introduction
In Bayesian optimization, complexity and dimensionality

are intrinsically interlinked — the higher the problem di-
mensionality, the harder it is to optimize. The exuberance
of space, and large distance between observations, makes
the size of high-variance regions along the boundary of the
search space exponentially large (Malu et al., 2021; Binois
& Wycoff, 2022). Moreover, the growing number of pa-
rameters of the Gaussian Process (GP) surrogate in relation
to the number of observations makes accurate modeling of
the problem at hand exceedingly difficult. In recent years,
the effort to create methods that achieve efficient Bayesian

1Lund University, Lund, Sweden 2DBtune, Malmö, Sweden.
Correspondence to: Carl Hvarfner <carl.hvarfner@cs.lth.se>.

Proceedings of the 41 st
International Conference on Machine

Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024 by
the author(s).

optimization (BO) in high dimensions has been substantial,
making it one of the most frequently addressed challenges
in the BO research community (Kandasamy et al., 2015;
Wang et al., 2016; Nayebi et al., 2019; Eriksson et al., 2019;
Eriksson & Jankowiak, 2021; Papenmeier et al., 2022; 2023;
Ziomek & Bou Ammar, 2023).

While approaches are plentiful and diverse, they all share
a common characteristic: they employ restrictions on the
objective which reduces its a-priori assumed complexity

by contracting the search space. This in turn decreases
distances between data points and prospective queries, in-
creasing their correlation, thus making GP inference more
informative. Assuming a degree of complexity which en-
ables meaningful correlation is essential to efficiently op-
timize problems of any dimensionality. Nevertheless, the
high-complexity, low-correlation issue presents itself most
clearly in the high-dimensional setting.

In this paper, we hypothesize that the shortcomings of
vanilla BO in high dimensions are strictly a consequence of
the complexity assumptions imposed on the objective. To
that end, we view existing high-dimensional BO (HDBO)
approaches through the lens of model complexity, which
arises from their structural assumptions. Thereafter, we
modify standard BO to follow a similarly complexity re-
duced structure, simply by appropriately scaling the length-
scale prior of the GP kernel. Consequently, we effectively
circumvent the well-established Curse of Dimensionality
(CoD) without introducing any of the conventional structural
restrictions on the objective that are prevalent in HDBO. We
demonstrate that standard BO works drastically better than
previously thought for high-dimensional tasks, outclassing
existing high-dimensional BO algorithms on a wide range
of real-world problems. Further, we aim to shed light on
the inner workings of the BO machinery and why minimal
changes in assumptions yield a dramatic increase in perfor-
mance. The result is a performant vanilla BO algorithm for
dimensionalities well into the thousands.

Formally, we make the following contributions:

1. We demonstrate the crucial difference between dimen-
sionality and complexity in BO, highlighting the failure
modes related to high assumed complexity and relate
existing HDBO classes to a reduction in complexity.
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1. What is Bayesian optimization (BO)?

2. What changes in high-dimensional spaces (HDBO)?

3. Why do we still not understand HDBO?



Pushing smoothness to the extreme



Pushing smoothness to the extreme

What if we replace the non-linear surrogate…

x

f(x
)

Surrogate
Observations



Pushing smoothness to the extreme

…by a (Bayesian) linear regression?
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We always obtain acquisitions on the boundary!
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Pushing smoothness to the extreme

Theorem 1. For acquisition functions increasing in posterior mean 

and variance (e.g. expected improvement), Bayesian linear models 

will maximize acquisition on the boundary of the search space.
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Spherical projection prevents boundary acquisitions

𝐱⏟
[−1,1]𝐷

→ 𝑃(𝐱)⏟
𝕊𝐷

= 1
‖𝐱‖2 + 1

[2𝑥1, ⋯, 2𝑥𝐷, ‖𝐱‖2 − 1]



Spherical projection in high dimensions

In high 𝐷, ‖𝐱‖ ≈ 1 ⇒ 𝑃(𝐱) ≈ [𝐱; 0]  (projection is nearly a no-op)
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Empirical results
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Figure 2: Our linear kernel on spherically-mapped inputs matches state-of-the-art high-dimensional
BO performance. (Left): benchmarks with N → D evaluation budgets. While standard linear kernels can
fail to make any optimization progress, our modified kernel matches or exceeds competitive methods. (Right):
benchmarks with N ↑ D. The natural scalability of linear kernels, coupled with the improved optimization
performance a!orded by our spherical mapping, yields new state-of-the-art results on large-N tasks.

well as a standard linear kernel as in Equation (1).
The N ↑ D tasks necessitate the use of scalable GP
approximations (except in the case of linear kernels),
and therefore we compare against the EULBO method
(Maus et al., 2024), which relies on variational approx-
imations. For the “random search” baseline, we per-
form quasi-random Sobol sampling (Sobol, 1967) of X .

Experimental Set-Up. Our set-up largely follows
Hvarfner et al. (2024): we use the LogEI acquisi-
tion function (Ament et al., 2023), initialize all meth-
ods with 30 quasi-random observations (100 points for
N ↑ D tasks), and follow their other modeling pro-
tocols. We run each method for at least 10 di!erent
random seeds, and the plots in this paper display the
mean and standard error of the mean (with respect to
the seeds) as a solid/dotted line and shaded area, re-
spectively. Details of our experimental set-up can be
found in Appendix C.

4.1 N → D Optimization Problems

Figure 2 (left) demonstrates optimization performance
of all methods on N → D tasks. As expected, the
standard linear kernel fails to optimize many bench-
marks, though it obtains decent performance on the
lower-dimensional tasks. In contrast, our modified lin-
ear model matches the current state-of-the-art on all
N → D benchmarks. In fact, the optimization tra-
jectories from our linear kernel and Vanilla BO are

statistically indistinguishable on the Lasso-DNA and
Humanoid benchmarks. We note the stark performance
di!erence between the modified and standard linear
kernels on the SVM and Ant datasets. Moreover, in
Appendix E.1, we compare against Vanilla BO on a
number of latent-space molecular tasks with a similar
observation budget. Spherical linear kernels strongly
outperform Vanilla BO on all these benchmarks, po-
tentially suggesting our method is particularly advan-
tageous for latent-space BO.

4.2 N ↑ D Optimization Problems

For N ↑ D molecular tasks, we observe significant
performance gains over the scalable EULBO method
(Figure 2, right). We hypothesize that our linear ker-
nel, unencumbered by the need for approximations, is
better suited for large-N tasks, despite its lack of rep-
resentational capacity.

4.3 Ablation Studies

Higher-Order Polynomials. In Figure 3 (and its
extended version, Figure 14, in Appendix E.2), we
replicate the N → D benchmark results for order-m
polynomial kernels of the form in Equation (5). (Recall
that our proposed linear kernel is the special case of
this form for m = 1.) Surprisingly, the polynomial or-
der has almost no e!ect on optimization performance,
with our linear kernel matching the m = 5th order



Why are these results so surprising?



Why are these results so surprising?

To achieve state-of-the-art in high-dimensional BO, we need:



Why are these results so surprising?

To achieve state-of-the-art in high-dimensional BO, we need:

• structural assumption + non-linear surrogate (past ~10 years)



Why are these results so surprising?

To achieve state-of-the-art in high-dimensional BO, we need:

• structural assumption + non-linear surrogate

• non-linear surrogate* (past ~2 years)



Why are these results so surprising?

To achieve state-of-the-art in high-dimensional BO, we need:

• structural assumption + non-linear surrogate

• non-linear surrogate*

• linear surrogate* (this talk)
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Less:

• inventing new (complicated) structural-assumption methods



What’s next?

Less:

• inventing new (complicated) structural-assumption methods

More:

• understanding fundamental mechanisms driving HDBO



Thank you!

Colin Doumont Donney Fan Natalie Maus

Jacob R. Gardner Henry Moss Geoff Pleiss
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