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Robust covariance estimation
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▶ classical covariance estimators are sensitive to outliers (red points)
▶ green arrows = true principal components, red = sample principal components



Angular central Gaussian distribution
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1.0 ▶ normalize samples to the unit sphere: X ≜ Z/∥Z∥2
where Z ∼ N (0, Σ)

▶ outliers can only influence direction, not magnitude

▶ density of X is angular central Gaussian (ACG):

p(x;Σ) = Γ(n/2)
2𝜋n/2

√
detΣ

(xTΣ−1x)−n/2
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Tyler’s M-estimator (Tyler, 1987)

minimize log detΣ + n
m

m∑︁
i=1

log(xT
i Σ

−1xi)

▶ variable Σ ∈ Sn, data x1, . . . , xm ∈ Rn

▶ MLE for the angular central Gaussian distribution
▶ well-known in the statistics literature (industry adoption is another story?)
▶ computed via fixed-point iteration:

Σk+1 =
n
m

m∑︁
i=1

xixT
i

xT
i Σ

−1
k xi



Does Tyler’s fixed-point iteration converge?

▶ non-convex problem, but global asymptotic convergence known (Kent & Tyler, 1988)

▶ we establish the first global non-asymptotic rate: O(1/k)
– key idea: reinterpret fixed-point iteration as the convex-concave procedure
– enables an optimization (rather than fixed-point) analysis
– analysis combines Riemannian optimization with relative smoothness

▶ come by my poster if you like covariance matrices, convergence rates (or CVXPY)
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