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Moti

vation

» Many datasets lie on low-dimensional manifolds (manifold
hypothesis)

P Ideally, the generalization should depend on intrinsic
dimension, not ambient dimension

» Kernel methods often avoid curse of dimensionality

Which notion of intrinsic
dimension controls
generallization of kernel
methods?

This was addressed before for:

» k-NN regression (Kpotufe,
2011)

/o P Kernel regression (Bickel
° : w and Li, 2007).



Two Notions of Intrinsic Dimension
A domain Q and a kernel K : 2 x Q — R induces metric

Q(X7y) = HK(X7')_K(y7 ')HHK = \/K(X7X) + K(Y?Y) - 2K(X7y)'
and n-covering radius
ex(n)=min{e > 0|3z, -+ ,z, € Asit. U B(zi,e) 2 Q}.
i=1
1. Metric Dimension, d,

d, = limsu loi
P = P log(1/2x(n))

> Based on kernel-induced metric p

» Proportional to Hausdorff dimension (which, for smooth
manifolds, equals their dimension).



Two Notions of Intrinsic Dimension

The Kolmogorov n-width of the image of 2 under canonical
embedding Q — H is defined by

wy (n) = inf sup |nf |K(x, - )—F |2,
Lo xeQf

where the infimum is taken over
all n-dimensional subspaces L, of
Hk

2. Effective Dimension, dx

. log n
dk = limsup —————

K n—)oop IOg(l/WK(n))
» Based on Kolmogorov n-widths

» More globally captures interaction: kernel 4+ domain.



Effective dimension cannot be greater than metric

Theorem: dx < d,

Table: The Kolmogorov n-widths for various K on = S9!
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e*%,a> % N exp. fast | d—1 0
NNGP o, NNGPg, < o =
WNGPosur.0 20| >0 o1 |BEH0) | > B8
NNGPmaX(O,x)O‘ , € {0, 1} = n -2 21170(2 %i;i

Kernel smoothness reduces effective dimension (making it
zero for such kernels as the Gaussian kernel).

Effective dimensions for Laplace and NTK RelLU cases are
largest possible, dx = 2(d — 1) = d,.
> Most of the kernel are of intermediate kind: dx € (0, d,).




n-Widths and Eigenvalues

Kernel operator:

Ok () = /Q K(x, Y)F()du(y)

Main Result
2
wk(n
han(Ok) < )
and (O .
lim supsupLK’;) > —,
n—+oco WK(”) €

where the supremum is taken over all Borel probability measures p
supported on 2.
» n-widths characterize worst-case eigenvalue decay, provided
wi (n) =< wk(2n)
» Independent of distribution p



Generalization Bound for constrained KRR

The constrained KRR:

. 1
f=ar min - I(f(X;), Y;).
gngK;”f“HKan p (F(Xi), Yi)

With high probability

24dy

Excess Risk = O(n_ 2+2d)c +€> , Ve > 0.

» For dx = 0 (e.g., Gaussian kernel): Excess Risk ~ O(1/n)
> If di large: Excess Risk ~ O(1/y/n)

» dy controls generalization rate (similarly to VC-dimension)



How to estimate wg(n) from data?
> Q= {Z1, -+, Zn} € Q — dataset.

» Greedy selection of points:

Xt = arg maé((K[(Xt—lax)a (Xe—1, )] | K[Xe-1, Xe-1])
XxXe

where X¢—1 = (x1, ..., x¢—1) and (A|B) is the Schur
complement.

> Let {Wt};r:_ol be the sequence of approximate upper bounds
produced by Greedy algorithm using the finite set 2. Let us
assume that € is an e-net in (€, p). Then, we have

wy > wi(t) —e, t=0,---, T —1.

Sample complexity: if Q~ 1,

N=0 (adf’ log 1)
€



Experiments

» Empirical KRR rates match theory;

» For most of kernels: dx < d,;

> For K(x,y) = e 7I¥I° a € (0,1], NTK ReLU, Matérn
kernel, v € (0,1),/ > 0 kernels and regular domains: dx = d,;

» Even for the latter kernels, if the domain Q is non-regular
(e.g. a fractal): dx < d,.

Fractal d, de'?
Cantor set 1.2618 1.2415
Weierstrass function 3.0 2.7052
Sierpinski carpet 3.7855  3.2896
Menger sponge 5.4536 4.2506

Lorenz attractor 412 3.2839




Takeaway

Kolmogorov n-widths determine the intrinsic
dimension seen by kernels.

> Effective dimension di governs generalization rates of kernel
methods (for the worst-case distribution over Q).

> Always dx < d,.

> Kernels can compress geometric complexity.

» n-widths can be estimated from data: upper bounds by the
Greedy algorithm, and lower bounds from eigenvalues of the
empirical kernel matrix via Ismagilov's theorem.

» Open direction: n-widths for NTK and deep kernels.

Open direction:

Understanding n-widths for modern kernels (NTK, deep kernels).



