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How do transformers translate? 



OT Problem

‣Optimal transport:





‣ Permutation matrix: , 


‣ Applications: sorting, cell perturbation analysis, reviewer/paper matching, …


P* := arg min
P ∑

ij

∥xi − yj∥2Pij subject to P is a permutation matrix

P ∈ ℝn×n Pij ∈ {0,1},
n

∑
j=1

Pij = 1
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OT and Language Translation 

‣ Prompt: 


‣OT solution of work embeddings


•  word embeddings of English words


•  word embeddings of French words

{The quick brown fox jumps over the lazy dog
Le renard brun rapide saute par-dessus le chien paresseux .

xi :

yi :
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P* := arg min
P ∑

ij

∥xi − yj∥2Pij subject to  . . .



Attention, OT, translation  

‣ Attention weights converge toward the OT solution across layers
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In-Context Learning for Discrete Optimal Transport: Can Transformers Sort?

Attention at (1) Attention at (6) Attention at (12) OT vs Translation

Figure 1: Translation with OT. The rightmost plot shows the optimal transport (OT) solution from (1), computed
between the English word embeddings (x1, . . . , xn) and the French word embeddings (y1, . . . , yn). Red dots mark correctly
aligned translation pairs. Observe the OT solution matches words with the same meaning. The other plots depict
attention-weight heatmaps from layers 1, 6, and 12, showing how the model iteratively approximates the OT solution.

Let x1, . . . , xn and y1, . . . , yn denote the vector repre-
sentations of the English and French words, respectively,
from the first encoder layer. Fig. 1 shows that the OT
solution in (1) aligns pairs of translated words. See
Appendix Figure 9 for the correlation plot. We present
further experiments on 1000 sentences in Section 5.2,
demonstrating that OT on word embeddings aligns
words for translation.

Even more interesting is the pattern of average atten-
tion weights (over heads) across the transformer layers.
Fig. 1 shows that the attention weights progressively
approximate the OT solution (P ⇤ in (1)) as depth
increases. Remarkably, this interpretable mechanism
emerges naturally after pretraining, without any ex-
plicit regularization. In other words, the transformer
learns to align translated words across its layers. We
present a more extensive experiment on 10,000 trans-
lated sentences on Marian model [Junczys-Dowmunt
et al., 2018] in Section 5.1, supporting the above obser-
vation. But how can we explain this striking algorith-
mic behavior of attentions? To address this question,
we perform additional experiments on a transformer
specifically trained to solve OT.

1.2 Observations on OT Mechanism

To analyze the OT mechanism of attention, we trained
a transformer to solve discrete OT on small problem
instances with n = 7 points and evaluated it on larger
instances with n = 9. For training, we generated syn-
thetic data from a standard neutral distribution widely
used to study in-context learning [Garg et al., 2022] (see
Appendix A for details). Surprisingly, the transformer
can approximate the optimal OT solutions on larger
inputs (Fig. 2). This out-of-distribution generalization
suggests that transformers can adapt to input sizes
beyond those seen in training, a key requirement for in-
context learning. This result is particularly important
given prior efforts to modify transformers for solving
OT [Sander et al., 2022, Tay et al., 2020]. Yet, Fig. 2

demonstrates that standard transformers are capable
of solving the optimal transport problem.

A critical factor behind the observed generalization
is prompt engineering. Careful input augmentation
effectively extends the transformer’s memory, thereby
significantly enhancing its computational capacity to
solve OT; see Observation (2) in Fig. 2. We provide
further details and insights on this specific prompt
construction in the following sections.

The proposed prompt design encourages the attention
layers to solve the OT problem iteratively as depth
increases. As shown in Fig. 2, initially diffuse attention
weights gradually converge layer by layer toward the
optimal OT solution. While such iterative inference
has been analyzed for linear regression [Ahn et al.,
2023, Lutz et al., 2025], it remains unclear whether
these results extend beyond linear regression.

1.3 Contributions

We establish three main contributions:

Contribution (1): Mechanistic Analysis. We
discover a link between the mechanism of transformers
for language translation and OT. Our observations
show that attention weights align translated words
iteratively across the layers, which approximates the
OT solution for word embeddings.

To explain this striking observation, we analyze the
internal dynamics of feature extraction in transformers.
We show that the fundamental building block softmax
self-attention [Vaswani et al., 2017] is particularly well
suited to implement OT. In particular, a single self-
attention layer can simulate an iterative first-order
optimization method for OT, thereby explaining the
iterative inference behavior observed in Fig. 2.

‣ Layer 1 ‣ Layer 6 ‣ Layer 12
‣OT of embeddings



Main Result
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Theorem (informal statement) 
A transformer with  softmax attention layers can 
approximate OT up to error


 data dependent and regularization constants

ℓ

n

ℓ
×



Dual objective of OT

‣
Entropy Regularized OT: 


‣Dual: 

Pλ = arg min
P ∑

ij

∥xi − yj∥2Pij + λ∑
i

∑
j

Pij log(Pij)

−entropy

min
ui,vj

L(u, v) = λ∑
ij

e
−∥xi − yj∥2+ ui + vj

λ −1 − ∑
i

vi − ∑
j

uj
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Reference: Marco Cuturi. Sinkhorn Distances: Lightspeed Computation of Optimal Transportation Distances



Mechanism of Attention for Translation

‣ Attention layers can simulate GD with adaptive step sizes on the dual function L
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Mechanism of Attention for Translation
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{u0 = 0
v0 = 0

‣Dual: min
ui,vj

L(u, v) = λ∑
ij

e
−∥xi − yj∥2+ ui + vj

λ −1 − ∑
i

vi − ∑
j

uj

{u1 = u0 − diag(d0)∇uL(u0, v0)
v1 = v0 − diag(d′￼0)∇vL(u0, v0)



Related works

‣Results on linear attention (not softmax): 


• Linear regression: [Ahn et al., 2023, Von Oswald et al., 2023]


• Policy evaluation for RL [Wang et al., 2025] 


• Low-rank matrix completion [Lutz et al., 2025] 


‣Mechanistic analysis of In-context learning [Garg et al., 2022, Akyürek et al., 
2023]
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‣Website: https://hadidaneshmand.github.io/papers/aistats26.html


‣Github: https://github.com/hadidaneshmand/aistats26-incontextOT


‣Contact: dhadi at virginia dot edu

Thank you very much for your attention

https://hadidaneshmand.github.io/papers/aistats26.html

