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Problem Setting: Softmax-Gated MoE (SGMoE)

• Model: pG0(y |x) =
∑K0

k=1
exp(ω0⊤

1k x+ω0
0k )∑K0

j=1 exp(ω
0⊤
1j x+ω0

0k )
×N (y |a0⊤

k x + b0
k , σ

0
k)

• Mixing measure: G0 :=
∑K0

k=1 exp(ω
0
0k) δθ0

k
where θ0

k = (ω0
1k , a

0
k , b

0
k , σ

0
k).

• Motivation: Classical criteria such as AIC and BIC typically require fitting models for
all candidate values K = 1, 2, . . . ,Kmax in order to select K0. To avoid this exhaustive
sweep, we propose a sweep-free dendrogram selection criterion (DSC) based on
dendrograms. Our approach reveals the hierarchical structure of the model while
recovering the fast N−1/2 convergence rate for parameter estimation.
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Dissimilarity and Aggregation Formulas

Dissimilarity Metric: We define a dissimilarity metric d between two atoms.

d =
exp(ω0ℓ1 + ω0ℓ2)

exp(ω0ℓ1) + exp(ω0ℓ2)

(
∥(ω1ℓ1 , bℓ1)− (ω1ℓ2 , bℓ2)∥2 + ∥(aℓ1 , σℓ1)− (aℓ2 , σℓ2)∥

)
Softmax-Weighted Merging: Pick pair (i , j) = argminℓ1 ̸=ℓ2∈[K ] d(·, ·) and replace with
expert (∗):
• ω0∗ = log(expω0i + expω0j), ω1∗ =

∑
k∈{i ,j} exp (ω0k − ω0∗)ω1k

• b∗ =
∑

k∈{i ,j} exp (ω0k − ω0∗)bk

• a∗ =
∑

k∈{i ,j}
exp(ω0k )
exp(ω0∗)

[(ω1k − ω1∗)(bk − b∗) + ak ]

• σ∗ =
∑

k∈{i ,j}
exp(ω0k )
exp(ω0∗)

[(bk − b∗)
2 + σk ]
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Aggregating Procedure

Alg 1: SGMoE Merge Step

Input: G (κ) =
∑κ

k=1 exp(ω0k)δθk

1. Find (i , j) = argminℓ1 ̸=ℓ2 Dclus(δθℓ1
, δθℓ2

)
2. Aggregate parameters θ∗ = (ω0∗,ω1∗, a∗, b∗, σ∗)
3. Update mixing measure:
G (κ−1) ← exp(ω0∗)δθ∗ +

∑
k ̸=i,j exp(ω0k)δθk

Return G (κ−1)

Alg 2: Aggregation Path

Input: Over-fitted MLE G (K) =
∑K

k=1 exp(ω0k)δθk

1. Initialize Tree T = (V, E ,H) with atoms of G (K)

2. For κ = K , . . . , 2 do:
• Apply G (κ−1) ← Alg 1(G (κ))
• Update tree nodes V and links E
• Record merge height h(κ) ∈ H

3. Return Path {G (κ)}Kκ=1 and Tree T
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(d) K = 6

0.2 0.4 0.6 0.8
x

0.0

2.5

5.0

7.5

10.0

12.5

15.0

y

(e) K = 4

0.2 0.4 0.6 0.8
x

0.0

2.5

5.0

7.5

10.0

12.5

15.0

y

(f) K0 = 3
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Dendrogram Selection Criterion (DSC)

• For each level κ in the aggregation path {Ĝ (κ)
N }Kκ=2, define:

DSC(κ)
N := −

(
h(κ)
N + ϵN ℓ̄N

(
p
Ĝ

(κ)
N

))
• Terms:

• h(κ)
N : Merging height at level κ.

• ℓ̄N : Average log-likelihood of the aggregated model.
• ϵN : Tuning parameter satisfying 1 ≪ ϵN ≪ (N/ logN)1/(2r̄).

• Decision Rule: K̂N = argminκ∈[2,K ]DSC(κ)
N .

• This rule favors levels where atoms are well-separated (heights) and fit the data well
(likelihood).
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Theoretical Results

Theorem 1 (Fast convergence rates). There exist universal constants C ′
1, c1,C

′
2, c2 > 0 such that for all

κ ∈ [K0 + 1,K ] and κ′ ∈ [K0], we have

P
(
DFRA(Ĝ

(κ)
N ,G0) > C ′

2(logN/N)1/2) ≲ e−c2 log N ,

P
(
DE(Ĝ

(κ′)
N ,G

(κ′)
0 ) > C ′

1(logN/N)1/2) ≲ e−c1 log N .

Theorem 2 (Height control). For all κ ∈ [K0 + 1,K ] and κ′ ∈ [K0],

h(κ)
N ≲ (logN/N)1/r̄(ĜN ),

∣∣h(κ′)
N − h(κ′)

0

∣∣ ≲ (logN/N)1/2,

with constants depending only on G0, θ, and κ.
Theorem 3 (Likelihood concentration on the path). Under regularity conditions, for any κ ∈ [K0 + 1,K ],∣∣ℓ̄N(pĜ (κ)

N

)− L(pG0)
∣∣ ≲ (logN/N)1/(2r̄(ĜN )). Moreover, for κ′ ∈ [K0], ℓ̄N(p

Ĝ
(κ′)
N

)→ L(p
G
(κ′)
0

) in

PG0 -probability as N →∞.
Theorem 4 (Consistency of model selection). Under regularity conditions, if K0 ≥ 2, then K̂N → K0 in
PG0 -probability as N →∞.
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Experiments

Exp 1: Restoring Parametric Convergence Rates
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Exp 2: Robustness to Laplace Noise Contamination
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DSC demonstrates superior robustness compared to AIC, BIC, and ICL.
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Real Data Illustration

Maize drought-responsive traits dataset: DSC identifies meaningful hierarchical structure
without needing to sweep through K .
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Summary

Table: Summary of convergence rates among different settings.

Setting Loss pG0(y | x) exp(ω0
0k) ω0

1k , b
0
k a0

k , σ
0
k

Exact-fit VDE O
(
(logN/N)1/2

)
O
(
(logN/N)1/2

)
O
(
(logN/N)1/2

)
O
(
(logN/N)1/2

)
Over-fit VDO O

(
(logN/N)1/2

)
O
(
(logN/N)1/2

)
O
(
(logN/N)1/2r̄(|Ak |)

)
O
(
(logN/N)1/r̄(|Ak |)

)
Merged VDFRA O

(
(logN/N)1/2

)
O
(
(logN/N)1/2

)
O
(
(logN/N)1/2

)
O
(
(logN/N)1/2

)

Thank You!
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