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Problem formulation

The Fundamental Question:
In the convex risk minimization setting, what is the dividing line between
problems that are solvable without distributional assumptions and
problems that are not?

The Minimax Framework
Given a triplet (ℓ,Z,Θ) consisting of:
▶ A convex loss function ℓz(θ), parameter space Θ, and data space Z

Mn(ℓ,Z,Θ) := inf
θ̂n

sup
P∈P(Z)

EPn

[
LP (θ̂n)− L⋆

P (Θ)
]
.

Objective: Identify properties of ℓ,Z,Θ to separate

lim
n

Mn(ℓ,Z,Θ) > 0 from lim
n

Mn(ℓ,Z,Θ) = 0
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The bright dividing line

Assume Θ ⊂ Rd is compact

Condition C.1: For each compact subset Θ0 ⊂ intΘ, the func-
tions ℓz(·) restricted to Θ0 are uniformly Lipschitz: there exists M =
M(Θ0) < ∞ such that for each z ∈ Z, the function ℓz(·) is M -Lipschitz
continuous on Θ0.

Theorem
If Condition C.1 fails, then

lim
n

Mn(ℓ,Z,Θ) > 0.

If Condition C.1 holds, then

lim
n

Mn(ℓ,Z,Θ) = 0.
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An example: Log loss with Z ∈ {0, 1} and Θ = [0, 1]
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Derivatives
′
1( ) = 1/ ′

0( ) = 1/(1 )

 Blow up Uniformly Lipschitz  Blow up
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Further results

A key takeaway:
Uniform Lipschitz continuity is not necessary for distribution-free
learnability in convex M-estimation.

Beyond the compact case

▶ When the domain is unbounded, uniform Lipschitz continuity is not
sufficient.

▶ What can we say about achievability and algorithms that work for
solvable instances?

▶ How do these results relate to the task of finding stationary points
with similar distribution-free guarantees?

Stop by Poster 194 to chat!
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