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Computational resource for training AI°

Computational effort: 2 times larger for 6 months
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Scaling law
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[Kaplan et al.: Scaling Laws for Neural

Language Models, 2020] . Feature Iearning

(compressed information)

log(Predictive error)=—a log(n) + log(C) - Data dependent basis functions



Deep vs Shallow (different scaling law) *
Feature learning offers better scaling law.

/ Low dimensional \ Z

data structure c

[Schmidt-Hieber, 2019] [Nakada&Imaizumi, 8
2019][Chen et al., 2019][Suzuki&Nitanda, 2019] (@] 3 .
— 4 ‘ [Kaplan et al.: Scaling
. . -t .
If data are distributed @ Laws for Neural
=3 Language Models, 2020]

on low dim-manifold,

DL is better. L= (Coin/2.3 - 108)=0.050
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log(Predictive error)=—a log(n) + log(C)
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When data size is small, When data size is huge,
shallow learning is deep learning is better.

Curse of dimensionality betr.



Feature learning of foundation models

* Transformer e Diffusion models
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Figure 1: The Transformer - model architecture.
[Vahdat, Kreis, Kautz: Score-based Generative Modeling

[Vaswani et al.: Attention is All you Need. NIPS2017] in Latent Space. arXiv:2106.05931]



Presentation overview
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[Vahdat, Kreis, Kautz: Score-based Generative Modeling in Latent Space.
arXiv:2106.05931]

Part 1: In-context learning Part 2: Diffusion models

Test time feature learning by

softmax attention

» Achieving the sample complexity
with generative exponent

« Gaussian single index model

Minimax optimality
» Adaptation to smoothness
» Adaptation to low-dim subspace

General data support
» Curved manifold
* Anisotropic smoothness

Measure theoretic in-context
learning

* Infinite-length context

* Measure to real-value problem

* [In-context learning] Naoki Nishikawa, Yujin Song, Kazusato Oko, Denny Wu, Taiji Suzuki: Nonlinear transformers can perform
inference-time feature learning: a case study of in-context learning on single-index models. ICML2025.

* [Measure theoretic associative recall] Kawata Ryotaro, Taiji Suzuki: Transformers as measure-theoretic associative memory: A
statistical perspective and minimax optimality. ICLR2026.

» [Diffusion models] (1) Kazusato Oko, Shunta Akiyama, Taiji Suzuki: Diffusion Models are Minimax Optimal Distribution
Estimators. ICML2023. (2) Guoji Fu, Taiji Suzuki, Wee Sun Lee, Atsushi Nitanda: Beyond the OU Process: Dimension-Adaptive
Drifts for Minimax OptimalScore-Based Generative Modeling on Low-dimensional Manifolds. 2026. (3) Yuto Maki, Taiji
Suzuki: Efficiency of Diffusion Models for Infinite-dimensional Data Generation: Dimension Independent Approximation and
Estimation Errors. 2026.



In-context learning

[Naoki Nishikawa, Yujin Song, Kazusato Oko, Denny Wu, Taiji Suzuki: Nonlinear transformers can
perform inference-time feature learning: a case study of in-context learning on single-index
models. ICML2025]

[Wakayama, Suzuki: In-Context Learning Is Provably Bayesian Inference: A Generalization Theory
for Meta-Learning. ICML2026]

[Oko, Song, Suzuki, Wu: Transformer efficiently learns low-dimensional functions in context.
NeurlPS2024]



In-context learning :

Pretrained Large Language Models (LLMs) have significant
ability of In-Context Learning (ICL) [Brown et al., 2020].

Please guess the number that fits in the '?". ®  The pattern in the given pairs of numbers appears

to be the sum of the two numbers.

11->2 So, the number that fits in the '?" is 32.
2,3->5
8,13 -> 21

6,0->6
10,1 -> 11
527 ->7

context

Question ChatGPT



In-context learning :

Pretrained Large Language Models (LLMs) have significant
ability of In-Context Learning (ICL) [Brown et al., 2020].

@ The pattern in the given pairs of words

Please guess the word that fits in the '?".
seems to be antonyms:

left -> right So, the word that fits in the '?' is "down".
dark -> light

short -> long
small -> big
up ->7?

context

Question ChatGPT



In-Context learning

ICL is performed without updating model parameters unlike the

traditional “fine-tuning” regime in the test task.
— Meta-learning

Transformer Block Output
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= Feature learning
During pretraining, several tasks are observed to train the model.

That information is stored in the model as prior knowledge.
— Task generalization.




Mathematical formulation of

in-context learning

Model: y;: = fi(zi) ‘e (i=1,...,n)
t =1,..,T: Task index

n: number of instructions par task
T: number of pretraining tasks

fit is randomly generated
for each task t.

l
Prior distribution

Pretraining (T tasks) :

Xt — [:Ul,t; - ;a:n’t] Lqr,t

Yi = y1,5-- 3 Ynit]  |[Yart

Test task (In-context learning) : Predict

VR

r T—|—1 yqr:T‘I’l

XTH‘ = [T1,7+415 - - - ; T, 7+1] | Ta

Yrii = vi,m415- 3 Yn, T+1)




ICL risk and Bayes prediction

Expected ICL risk: D, = {(x1,y1), e, (X1, V)}
2
L(8) =Ky, [Eu, 1. |(fe(@ar) — folwas D))’
Expectation w.r.t. the true Expectation w.r.t. data given the true f~

Minimize the predictive risk of an estimator fg computed
by n instructions at test time.
= Learn how to learn : meta-learning

“Learning to learn”

The ideal ICL risk minimizer is exactly the Bayes estimator:

Marginal distribution of instruction data

ﬁ(@)—g\[ 11f2 = fo (s D) 32y |
— LD \i&/ * » = nJIL2(Px)

Posterior distribution of f* given data D,

f minimizes the Bayes posterior mean of loss = Bayes estimator
How does it produce features in the intermediate layers?




Transformer can implement linear regression”

[Gang et al. 2022; Akyurek et al. 2023; Zhang et al. 2023; Ahn et al. 2023; Mahankali et al., 2023; Wu et al. 2024]

Training data Inference
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[Gang et al.: What Can Transformers Learn In-Context? A Case Study of Simple Function Classes. NeurlPS2022]

Query KQ matrix Value + Key

1 () 1 &
@query = [fLSA(PE Wa{{Q:va)]d+l,ﬂ{+1 = iB;Iruery (A + NA + N Id) (ﬂff Zyzmz)
i=1
Prompt instructions

[Zhang, Frei, Bartlett.: Trained Transformers Learn Linear Models In-Context. JJMLR, 2024]



Gaussian single index model

Model: y;:= fi(zi)+er (i=1,...,n)
t =1,..,T: Task index

CIS‘@',t ~ N(O, I)
filz) = ou((z, Br))

* B¢ ~ Unif (Unit(S)) where dim(S) =r < d

Assumption:

Remark: We assume o, is shared across all tasks.

S 2 ways of feature learning
Bs * Pretraining:
Identify the subspace §

(Otherwise, performance of test-time inference
depends on the ambient dimension d)

5] * Test time:
Identify f; from the context.




Model architecture

Compute o,

Softmax attention

= W

X1] X2
V4 v, " Extract S,

W

n instructions




Condition of the link function -

fol@) = 0.(2) = 3 aiHei(2)

He;: Hermite polynomial with degree i.

Def (Information exponent k [Ben-Arous et al. 2021])

The information exponent of o, is the smallest index with non-zero «;:

k:=1IE(o,) =min{i € N | o # 0}

Def (Generative exponent [Damian et al. 2024])

The generative exponent of g, is the smallest index with non-zero «;:
ge(a*) = 1171_f mm{z e N | EZmN(O,l)[TO O « (Z)Hez(Z)] 3& 0}
= inf IE(7 o 0,).
T

\ J




SQ, CSQ lower bound

ViEsylly —o(w'2))?) o =By, [yVio(w' z)] + Eyfo(w 2)Vyo(w' )]

J

Y~

Correlation query

How many (noisy) correlation query should be observed?

"« Correlation statistical query (CSQ): Algorithm has an access to "noisy”
information about correlation between ¢ and y. (7 is the noise level. Noise

can be adversarial) ~
G — Ex,y[(b(x)y” ST ~nt/?

» Statistical query (SQ): General query
G = Eoyld(z, y)]| < 7~nt/2 withigl<1)

~1/2

-
» Analogy: 7 ~n

as the i.i.d. concentration error.

Theorem (informal [Damian et al. 22; Abbe et al. 23; Damian et al. 24])

To learn polynomial f, with information exponent k (using polynomial compute):

*CSQ learner requires n > d*/? samples. 5
(we used the i.i.d. analogy)

\_ *SQ learner requires n > d&*/? samples. y




Difficulty of learning single index model’

- J

Correlation query

SQ lower bound

(“)'(d(ge/Z)Vl)

C(SQ lower bound - N
d| Qe 0(d ) 0@ 0(dP)

—
R AN AN

SQ algorithm \

Informatior] NChen&Meka, 0] Smoothed SGD ~ One pass SGD Kernel method
theoretic [Damian et al. 23] [Ben-Arous et al. 22] { [Ghorbani et al. 21]Jj
limit Gradient algorithm: CSQ

MFLD

Complexity of non-feature

[Dandi et al. 2024][Lee, Oko, Suzuki, Wu; NeurlPS2024] learning methods

Gradient method with batch-reuse can implement SQ algorithm so that we obtainn =
0(d) sample complexity. [Generative exponent]

What happens for in-context learning?



Generative exponent of polynomial®

Theorem [Oko et al. 2024; Mondelli & Montanari 18; Barbier et al. 19; Chen & Meka 20]

For any polynomial o,,

1 (04 is not even)
ge(ox) = .
2 (04 is even)

Moreover, the generative exponent is achieved by o*/ for some j:

35 s.t. ge(oy) = IE(0,”)

Basic idea
Applying exponential function lower the information exponent upto the generative
exponent:

ge(o.) = IE(exp(o+))
ge(oy) = IE(04 - €xp(04))

= Softmax can lower the information exponent.



Linear attention:

1 mn
= viraf Tag, (CSQ)
=1

Softmax attention: '

1 n
C Z yi exp(yi) - exp (z; Twg) (5Q)

1=1

Nonlinear feature extraction



If (@) I'* is the projection to § and (b) n > Q(r38°(9-)/2) then

Z " eXp yit/p)exp(x ;rtr*xqr t/p)
) t
=1 eXp(yz’ t/P) eXp( i’ tr*xqr,t/P)

ge(ox)
~ (1 + (s (<$q\7£t>)

Attention layer can perform test time feature extraction!
> Test time feature learning: Thanks to the nonlinear transformation y ~

yexp(y/p), the attention layer can perform feature extraction (i.e., can find

the direction B; from instructions) with smaller data size
3ge( %)

(L 100 « rOPRy___

" Linear attention
> Pretraining feature learning: The choice of I'* turns the sample

complexity from d°(®) to 108,
= I'* should be found by the pretraining.

Attn(Xt, Y, Zqu




Transformer model

« Softmax attention layer (single head): Yar
Nonlinear transformation Compute 0*\ ~
Attn(XW = Out of CSQ framework %
— i Y eXp(y@',t/p)]eXp(:EIthqr,t/p) N
= it
i=1 ZZ:l exp(yi’,t/p) eXp(x;,trmqr,t/P) 1 1
X1 X2 Xqr
Yi| [ )2 *
* FNN layer: /
yqr :fTF (Xta Yi, -rqr; P: v, b7 CL) Extract IBt

= Z a;o (’UjAttIl(Xt; Yt, Iqr) + bJ)

J=1
(o: ReLU)

* The nonlinear transformation y — yexp(y/p) lower its information exponent.
(actually, to generative exponent).
* The attention layer extracts (xqr, B¢)-



Optimization algorithm

fTF(XtJYta ﬂfqr;F,U, b? OJ) — Z&j(f (UjAttnF(Xtﬂytaxqr) T bJ)
71=1

. % T N
AttnF (Xt7 Vi, Llj‘qr) — Z?:l yi,t = eXP(yz,t/p)e p(a:m]_“:r:q t/p)

_, exp(y;r +/P) eXP(‘l?;’tqur,t/P)

Initialize w®” ~ Unif(S%~1), b; = 0, I = Unif({+1}) (diagonal).

-Stage 1: Optimization of I' (attention).

Perform one step gradient descent w.r.t. I'*

T
* [ § ?
I' = F(O)—mvr {,1—,1 (yqr,t T f(Xtal/},aqu‘,t; F(O)av(O)a b(O)’ a(O))) + AF%}
t=1

> Analogous to one-step GD for 2-layer NN [Damian et al. 22; Ba et al. 22].
Stage 2: Optimization of a (FNN).

We fix v and b, and optimize a by gradient descent
1 T +T> 5

a* < arg min — Z (yqr,t T f(Xta l/ta Lqr,t; F*a U(O): b(O): (l)) -+ )\HO’H2
acR™ 2 t=Ty+1



Main result

Theorem (ICL risk bound)

1. Optimization guarantee
| T, = ﬁ(TZdIE(a*)+2)’ n=20 (TZdIE(O'*)+2),
T, = Q(r38¢(¢)/2), then the training error is 04(1).

2. Inference time sample complexity

If Npose = Q (386(97)/2) then the test error is 04(1).

T;: number of tasks in Stage 1 (learning T'), T,: number of tasks in Stage 2 (learning
v, a, b), n. number of examples in each pretraining-ta:

Benefit of nonlinear attention

Method Kernel NN ICL/linear attention |CL/nmonlinear attention
Test time 4P qee(c")/2 rdP 3ge(a%)/2
complexity [Oko, Song, S, Wu, NeurlPS2024]

Pretraining --- - T, =d*"\n=d* T, =r2d*? n=r2dkt?



Test error

1.0
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Experiments on GPT-2

r is fixed. Only d is varied.

i NN, d=

aY NN,d=32
\'
\‘ NN,d=16
X
GPT-2, d=16~

\\k/-\ . . —
0 50 100 150 200 250

Number of instruction examp

NN without pre-training
is affected by d.

ICL by transformer is not
affected by d.

(thanks to feature
learning in pre-training)

SN



Checking the exponent

d=r 0+(-) = Hes(+) GPT-2 (6layers)
°
o
S ® s
% 102' ° o © P
Q
= ®
() e 2 o
.E 1 o
= 6x10 o
9 ®
9 ®
o °
4 x 101 { slope=1.16
B| ° q e threshold=0.05
< slope=1.14 o e threshold=0.075
¥ 3 x 10!
= slope=1.13 ¢ e threshold=0.1
threshold=0.125

10!
Input dimensionality d

n ~ d! : Better than the CSQ lower bound n = Q(d>).



Numerical experiments
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Follow-up work

° M am ba [Junsoo Oh, Wei Huang, Taiji Suzuki: Mamba Can Learn Low-Dimensional Targets In-

[Gu and Dao, 2024] Context via Test-Time Feature Learning. arXiv:2510.12026.]

The nonlinear gate of Mamba also lower the information exponent:

If Niese = Q(r38°)

Prediction Error
© © © o m

r

ge(g«)
Mamba(Z:~*) ~ P, + P» ((5@))

10 15 20 25 30 35 C 0 5 10 15 20 25 30
# in-context examples # in-context examples

(a)d =32vs.d =16 (b)r =8vs.r =16
® Te St t| me tra | N | N g [Kento Kuwataka, Taiji Suzuki: Test time training enhances in-context
learning of nonlinear functions. arXiv:2509.25741]

[Hu et al., 2025; Bertrand et al., 2023; Akyurek et al., 2025]
» Explicit convergence rate in test time:

o —— ICL
_ ( 3ge(o{est)) 21.2 I
2 0.8
> Link function can be varied for each task t: :%0-4 bt

f:: (CU) — O-i ( <a?, Bt >) To C?ntei?: Leg‘r?gthl(‘)0 2o



Transformer

with infinite context length

[Kawata Ryotaro, Taiji Suzuki: Transformers as measure-theoretic associative memory:
A statistical perspective and minimax optimality. ICLR2026]



Infinite length context

e-length) context
“ Rl Nl

Long (infinit

[Wikipedia]

Answer

F* (MO? $qr)

Token distribution

Embedding space

—>



Mixture of topics

Query: “Soccer” ANnswer Regression from P to R
F’*(,u((f ), “Soccer”)
Document 1: Document 2:
“Soccer” “Tennis”

Document 3:
“Baseball”

Distribution is given “in context”.



Problem setting

' ™\ ' N\ 4 ™
o | [P SR o ORI T e
0 ][ ][ L R e RGNl e C))
dict
Mlxture recall . . precict
(1) > Select mdex 7" o Evaluate
X Zz 11%(>v (z‘*) - (i)
D - F*(py 75, 2q)
_ Y, I\ J _ J

Associative recall at the level of measures.
1. Mixture documents and queries:

O ._ ) ,, @ do—
W = (v(‘),uJ ) € S%~1 x P(X,)
Document IabeZ_ Distribution of contents (e.g., word embeddings)

Prompt input. v = Z l%(z) Mixture of documents

(i) — ;% We may easily extend it to x, = (v, z,),
Query: x, = v\*) for some i* € [I]. but we stay the simplest setting.

2. Ground-truth recall-and-predict map:
y=F"(v,xq) = F*(u(() ) , Tq)

F* must first associate the query with the relevant component i* and
then predict a scalar from the recalled context.



Transformer model

H
Attng(v,x) = Az + Z wh / Softmax((Q"z, K"y)) V"y dv(y)
h=1

Aldasin, H, Bay By Sa,53) i= { Attng [ max {77, 110" o | K llogs [V lloo } < B
ma {7 o, Q" o, 15" o, [V"llo} < Sa | Allse < By 1Allo < S5, [|Attigc < F)

fRPO 5 RPL D x = f(x) = Wyeoy , We—10y,_, - Wioy, Wox|

where oy.(z) := o(z — v;) with ReLU activation o.

F(l.p,s, F) = {f of the form above |
max; {[|Wjlleo, [vjloc} < 1,32, [Willo + [vjlo < s, [ fllec < F}

Attng, ¢ MLP¢, ¢ - ¢ Attng, ¢ MLP¢,

where (T'y oT'y)(v,z) :=T2(u1, 1 (v,2)), where py = (T1(v,-))yv

: [Furuya et al. (2025)]
As for MLP, we define MLP¢, (u,z) == MLP¢, ()



Transformer as a measure map

Attention:;
Convolution

MLP-layer:
Push-forward

Attention is a convolution operator:

H
Attng (v, z) = Az + Z wh / Softmax((Q"z, K"y)) V"y dv(y)

h=1




Assumption

* Density is in an RKHS

- Suppose that X, c [-M, M]%2 is a bounded domain
(tokens are embedded in X).

@) : .
1y~ has a density PO which can be expanded as (e;: ONS in L?)
- — ¢ o 00 y—1_9
pﬂé’*‘) (33) — Zj:l 5 € (33) where ijl )\j o <1

>Eigenvalue decay: \; < exp(—cj?)

»Analytic eigenfunctions: €; () = ZkENdz apx”

(absolutely convergent on [—M, M]%2)

Included in the unit ball of RKHS 3, with the kernel K(z,2') =370, Aje;(x)e;(2).
Gaussian kernel satisfies the assumption. [p @ € B(H,)
Ho

* Lipschitz continuity:
[F™ (1o, q) — F™ (110, 7)) < llo — pollwe + g — a4

e; is unknown = Should be estimated by pre-training.

[Feature learning]



Main result

Observation: Yy = F* (Vt, mqt) + ft where &, ~ N(0, o2).

S, = {(Vtvx%t?yt)}?zl

. 1 <& 2
F,, € arlggelglrm - ; (yt — F(ytﬂmch))

F: 2-layer Transformer

R(F*,F) :=Es, [||F*(v,2q) — F(v, 24|} Gl

Theorem (Generalization error)

Suppose that the number of mixture components

1
satisfies I < d; < 0((log n)a+1).
For an appropriately chosen architecture parameters,
F achieves

R(F*,Fn) 5 exp{ o Q((logn)a/(a—{—l))}

2-layer Transformer

Real value




Proof idea

Extract the answer

F* (1§, )

Compute the Lipschitz continuous
function from H, to R.

Extract the coefficients a; of the
()

density pg ” (embedding to RKHS 7).

N

Compute basis function (ej(x))

j=1

- Should identify appropriate basis functions through pre-training
- Obtain an approprlate representatlon of the distribution.

~ Covering num

. €~ exp(—c(Inn)®/ 1)



Minimax optimality

Theorem (Minimax optimal rate)

Under the same setting,

inf sup R(F*, F),) > exp { — Q((log n)a/(a+1))}
Fn F*eF*

« Transformer achieves the minimax optimal rate.

» Key lemma: Packing number of Lipschitz functions

Lemma (Lanthaler (2024))

log M (Lipy ([0, 1], | - llao); 5 27(0,1]%)) 2 (

Set of 1-Lipschitz continuous
functions w.r.t. L-norm

C

d
a) , Vee (0,c/d].




Real value

= "Soccer”
(

0000
Bl MI P
\

Vector representation:
Compressing the document
information

Document 1
“Soccer”

Document 2
“Tennis”



Related work: Induction head

7\
p1l7v4w7t9u>7

Trigger token Output 2nd trigger token

(Paris) (Eiffel Tower)

. [Elhage et al. 2021, Olsson et al. 2022, Bietti et al. 2023]
* Two scenarios:

> Short cut: The model just memorizes the position of trinaar talkan /1
> Induction head: They learn how to find the trigger to R(Dy) = 2ees U a
= It can generalize for OOD test data [feature learnir maxyes £~ 1qq

Theorem [Kawata, Song, Bietti, et al. NeurlPS2025]
There exists €1, e; = O(Nyg) such that Induction head

(Do not memorize position)

1. R(D,) > €4 (high diversity): The pretrained transformer generalizes
OOD.

2. R(D;) < €, (low diversity): There exist OOD test sequences such that
the pretrained transformer fails.

Memorize position




Other topics: Curriculum learning *

[Dake, Huang, Han, Nitanda, Wong, Zhang, Suzuki: Provable Benefit of Curriculum in Transformer Tree-
Reasoning Post-Training. ICML2026]

By training the model at each difficulty stage, we may decompose the difficulty into
much smaller steps: B-L

[Curriculum learning]

> Test time scaling Q
» Post training

B—L
B—L

Tref . Uniform dist.

n*: Policy after
fine tuning/RL
(correct logic)

O OO0 00O0

Depth 3
Required sample complexity [k-parity problem]:
m Direct training: 72(k+1) Curriculum learning: (k + 1)d” ]

with optimization guarantee

The efficiency can be improved exponential order.
See also [Liu, Farina, Ozdaglar: UFT: Unifying Supervised and Reinforcement Fine-Tuning. arXiv:2505.16984, 2025]



Presentation overview

o S G - Encoder p(z0) LaicntSpace Diffusion
T I . - rumlenry Datax —_— =
L

[ 1 Transtormer Decoder ]

® . q(zox)
—— 0o
-

[2 Transformer Decodsr ] ——gq— @ "

= @ g
[96 Transtormer Decoder ] 0 =——9—=—=
: g Reconst.
p(x|z0)

'TY)

—
Decoder KL(q(zo|x)||p(zo0)) Latent Space Denoising

[Vahdat, Kreis, Kautz: Score-based Generative Modeling in Latent Space.
arXiv:2106.05931]

Part 1: In-context learning Part 2: Diffusion models

Test time feature learning by Minimax optimality

softmax attention

» Achieving the sample complexity
with generative exponent

« Gaussian single index model

» Adaptation to smoothness
» Adaptation to low-dim subspace

General data support
» Curved manifold
* Anisotropic smoothness

Measure theoretic in-context

learning
* Infinite-length context
* Measure to real-value problem \_ J

* [In-context learning] Naoki Nishikawa, Yujin Song, Kazusato Oko, Denny Wu, Taiji Suzuki: Nonlinear transformers can perform
inference-time feature learning: a case study of in-context learning on single-index models. ICML2025.

*  [Measure theoretic associative recall] Kawata Ryotaro, Taiji Suzuki: Transformers as measure-theoretic associative memory: A
statistical perspective and minimax optimality. ICLR2026.

» [Diffusion models] (1) Kazusato Oko, Shunta Akiyama, Taiji Suzuki: Diffusion Models are Minimax Optimal Distribution
Estimators. ICML2023. (2) Guoji Fu, Taiji Suzuki, Wee Sun Lee, Atsushi Nitanda: Beyond the OU Process: Dimension-Adaptive
Drifts for Minimax OptimalScore-Based Generative Modeling on Low-dimensional Manifolds. 2026. (3) Yuto Maki, Taiji
Suzuki: Efficiency of Diffusion Models for Infinite-dimensional Data Generation: Dimension Independent Approximation and
Estimation Errors. 2026.



Diffusion model

[ An astronaut riding a horse in a photorealistic style | [ Teddy bears shopping for groceries in the style of ukiyo-e]

DALL-E: [Aditya Ramesh, Mikhail Pavlov, Gabriel Goh, Scott Gray, Chelsea Voss, Alec Radford, Mark Chen, llya Sutskever: Zero-Shot Text-to-Image Generation. ICML2021.]
DALL-E2:[Aditya Ramesh, Prafulla Dhariwal, Alex Nichol, Casey Chu, Mark Chen: Hierarchical Text-Conditional Image Generation with CLIP Latents. arXiv:2204.06125]

High dimension

SORA
(OpenAl, 2024)




Diffusion model

[Sohl-Dickstein et al., 2015; Song & Ermon, 2019; Song et al., 2020; Ho et al., 2020; Vahdat et al., 2021]

Forward process : Convert the target distribution to a noise distribution (e.g., Gaussian)

dX, = —X,dt + vV2dB;

dY; = (V; + 2V log(pr_,(Y2)))dt + v2d B,
(Ve ~ X7_4)

Reverse process : Convert the noise distribution to the target distribution

Latent Space Diffusion p(z1)

Datax _Encoder p(2zo)

- .::;. N q(zo|x><_>
. o%i%o - '

Reconst.
p(x|zo)

— -+ —
Decoder KL (q(zo|x)||p(z0)) Latent Space Denoising

[Vahdat, Kreis, Kautz: Score-based Generative Modeling in Latent Space. arXiv:2106.05931]



Forward process

OU-process
Forward process: dX, = —X,d¢t

+ \/§dBt

Wasserstein gradient flow to minimize the KL-divergence from N(0, I).

KL(p¢||N(0,1)) < exp(—=2t)KL(pol|N (0, I))

p(z) « N(0,1)

(Bakry-Emery criterion)

dX, = Viog(u*(X,))dt + vV2dB,

Ope = V - [pe(—Vlog ¥ + Arpy
=V - [p:Vlog (pi /1))

9 oy L]

Latent Space Diffusion

Fokker-Planck equation

minimizing
E,|—log(p")] 4 Ent(p)

Standard normal

[Vahdat, Kreis, Kautz: Score-based Generative
Modeling in Latent Space. arXiv:2106.05931]



Reverse process

"Reverse process: )
Yo ~ 7
dY; = (Y; + 2V log(p=_,(Y3)))dt + V2dB; (€[0T

[Haussmann & Pardoux, 1986]

Fact : Y;'s distribution=X7_,'s distribution

Thatis, Yy ~p7_,. = Y7 ~ po

By following the forward process in reverse, noise that follows a (nearly) normal
distribution can be gradually modified to reproduce the original distribution of the
Images.

p(zo) Latent Space Diffusion > p(z1)

Start

YT ~ po Latent Space Denoising YO ~U pT




Approximation error bound ¥

Yo ~pr  dY, = (Y; + 2Vlog(p=_,(¥3)))dt + V2d B,

* Approximation * Approximation
Yo ~N©O,I) dY; = (Y; +25(Y;, T — t))dt + V2dB,
L DNN, U-Net
True distribution
D7
PO V log p; g
How far?

Our distribution

4 A N
KL(gz|lpo) </0 Ex, [[|3(X¢, 1) — Vlog(pe(Xy))[*]dt + KL(pr||n")

KL-divergence

Score estimation error Forward process
convergence

\_ [Girsanov theorem] (< exp(—2T)) )

[Chen, Lee, Lu: Improved Analysis of Score-based Generative Modeling: User-Friendly Bounds under Minimal Smoothness Assumptions. ICML2023]
[Chen, Chewi, Li, Li, Salim, and Zhang: Sampling is as easy as learning the score: theory for diffusion models with minimal data assumptions. ICLR2023]



Approximation error bound
Yo ~pr dYy = (Vi + 2V log(pz_,(Y2)))dt + v2dB,

* Approximation * Approximation
o ~N@©,I) dY, = (Y, +25(Y;, T —t))dt + V24 B,
L DNN, U-Net
True distribution
D7
~ PO V log py g
How far?

Vi~ qr How large? N(0,1)

Our distribution

4 - )
KL(arllpo) < _Ex,[15(X,,1) ¥ log(p: (.|’ +ﬁm¢>
KL-divergence
Score estimation error Forward process
convergence
9 [Girsanov theorem] (< exp(—2T)) y

[Chen, Lee, Lu: Improved Analysis of Score-based Generative Modeling: User-Friendly Bounds under Minimal Smoothness Assumptions. ICML2023]
[Chen, Chewi, Li, Li, Salim, and Zhang: Sampling is as easy as learning the score: theory for diffusion models with minimal data assumptions. ICLR2023]



Smoothness of the density

( N
The true distribution p, is supported on [—1,1]¢ and
Po € Bg,q
with 8 > (1/p — 1/2), as a density function on [—1,1]¢.
§ J
[ )
po(x) >c (Vx € [—1,1]%)
. J

Besov space (Bf, 7))
Intuition Smoothness

J/
L1Fll ge con = IIfllecy + 11D° flle o
P;CI( ) \

Uniformity of smoothness

> ~/4 Besov space
Iflle) @) = IIfllr(@) + (fo [t Pwm(f, 1), q%) . - P !

Smoothness — Spatial inhomogeneity




Estimation error analysis

[Kazusato Oko, Shunta Akiyama, Taiji Suzuki: Diffusion Models are Minimax Optimal Distribution Estimators. ICML2023]

Stable diffusion, 2022.

dXt — _Xtdt + \/idBt Forward process

Backward process

dY; = (Y, + 2V log(p7_,(Y2))dt 4+ v2d B,

Empirical score matching estimator:

(Yt ~ XT—t)

: 1T
§ = arg min — Z/ Ex,|xo=x0.:||5(Xt, t) — V log pt(X¢|zo,:)]|?] dt
—1 Jt=1

seDNN Tt i
Let ¥ be the r.v. generated by the backward process w.r.t. §, then \
I ~ T _ B
Ep, |TV(Y,Xp)| Sn™ 25+d logg(n), (B: smoothness of density)
. ~ T _B+1-8
Ep, |Wi(Y,Xo)| Sn™ 28+ (forany é > 0).
Both rates are (almost) minimax optimal [Yang & Barron, 1999; Niles-Weed

\ & Berthet, 2022].

(Estimator for W; distance requires some modification) /




Low dimensional manifold 3

Depends only on

Theorem (Estimation error by W1-distance) the intrinsic dimension

For any fixed § > 0, by slightly changing the estimat
the empirical risk minimizer § in DNN satisfies

+1—96

. B
LD, {WI(YT_IaXO)} Snoo2eEd (d > 2)

L This is also known as minimax optimal (up to &) [Niles-Weed & Berthet (2022)]. y




Two aspects of feature learning -

« Smoothness Non-smooth Smooth

(more parameters) (less parameters)

/. 4

>t

T

Non-smooth ~ Smooth Very smoo
« Support identification

T

dinstead of d + 1

d' instead of d




Two aspects of feature learning -

. Smoothness Non-smooth Smooth
/ 1 N - .‘\

* The supportis on a Ilnear subspace
= Extend to curved manifold.
[Fu, Suzuki, Lee, Nitanda, 2026]

M ° The data should be exactly on a subspace. &&

= Extend to infinite dimension with
anisotropic smoothness.
[Maki, Suzuki, 2026]

d' instead of d



Fast rate with manifold assumption

[Guoji Fu, Taiji Suzuki, Wee Sun Lee, Atsushi Nitanda: Beyond the OU Process:
Dimension-Adaptive Drifts for Minimax OptimalScore-Based Generative Modeling on
Low-dimensional Manifolds. 2026]



Manifold assumption

501 somy k=3 e k=5 o k=10 rer k=20
00000POOC b
/A I T U B A T I §4o
9222229233 2 g . e
gF333398233 530
YNy Yy Yy 3 : B Vi
$568 555546 = §20 B N Bl Q}: -
tLetceécblees £ o ElE. Bl FE ol Nl e
3F1IY Vo0 S e N BN B § SN RN
8868F 21818 8% LNl el Ol Nl Ol Ol ol
9994999 9G Qg MNIST SVHN  CIFAR-100 CelebA  CIFAR-10 MS-COCO ImageNet

MNIST: 784 dim/13.4 intrinsic-dim [Facco et al. 2017] [Pope et al. ICLR2021]



Difficulty

Strong force to make X; converge to the low dimensional manifold.

= Induces huge instability.

> If the manifold is a linear subspace, the orthogonal direction is just a
Gaussian. — Easy to estimate.

> If the manifold is curved, there appears complicated convolution.
— Difficult to estimate.

Gaussian

Linear

Manifold subspace

Convolution



Relation to existing work

Table: Comparison of recent theoretical results on diffusion models for manifold data.

Paper Manifold assumption Density regularity Metric Convergence rate
I I el I
Chen et al. (2023) sub:)éa?sggr]ZPZ Lipschitz on-support score TV @([)n_ﬁ))
Ton v vorg iz | oL st oo | Ty S ey 1w | o
s ol oz | L smesth manols | Mdr o vty | o
Yakovlev and Puchkin (2025) ‘XZ’:V.ZQ/:(([g,)l]—Z)S Holder class g* TV @(D6+<d$5)n_ﬁ)
Our work compa;;c);:\:)eo’::aznhanifold Holder class density W, @(Dd+7n_ Zijild)

]

* Optimal rate w.r.t. W;-metric with
> No lower bound assumption on the density.
» Milder dependency on the ambient dimension.
Our contribution:
» Careful decomposition of the loss and novel time scheduling of the dynamics
» Optimal rate without the lower bound assumption on the density.
> Better dependency on the ambient dimension.

Do > C
Vlog(p:) = Vp./p:

[Concurrent work: Zixuan Zhang, Kaixuan Huang, Tuo Zhao, Mengdi Wang, Minshuo Chen: Diffusion

Model for Manifold Data: Score Decomposition, Curvature, and Statistical Complexity. arXiv:2603.20645]



Assumption

« The data is supported on a smooth compact manifold M with a C*-atlas.
» 3Density on the manifold and it is included in the g-Holder space.

« M is d-dimensional Riemannian manifold isometrically embedded in RP.
* M has areach k > 0 (critical radius).

oL e Mcon)P . Ty, (M)
o By o &
2 y.& . «;/ ) ,, Y (f)i(’y)V1
4 o Iy .\ e U= MnNB(yi,r)
N | P x % Projection:

- bi(y) =n:(V," (y — yi) + 1)
Covering {B(y,r)}f:/‘j with radius r < k/2

Good properties:
» Covering number bound: N(r, M) < r~% (Vr < k/2)

> The local chart can be given as ¢;(y) = n;(V;" (¥ — v)) + )

(projection onto the tangent space)
» Can be exactly represented by a one-hidden layer ReLU network.



Definition of “reach”

k= suple | Ve e M€, Aly € M s.t. dist(x, M) = ||z — y||}
where M€ = {x € RP : dist(z, M) < €}

v X



Train a different network in each interval.

Theorem (Estimation error in W1-distance) ~N

By carefully choosing the time step around t = 0 and training neural
network at each small time interval, the DNN estimator $ satisfies

) n—1/2 D9 10g10'5(n) (d < 2)
E(,.yn { P, P } N 1 5 |
@iy (Wil P S -2 pavr %470 (s 9)

= Minimax optimal (up to polylog(n)) [Niles-Weed & Berthet (2022)].

If we train the network to minimize the averaged loss across the time,
then we only have a naive bound n=8/(28+d),



Error decomposition

EXtht [”g(Xtv t) -V lngt (Xt) ”2]

Away from the manifold
</ |30, t) — Vlogpae) i)
dist(x+,M)> 0+

¢ = 0¢/Tog()
0 (n_O (1))

"‘/ ”é(wtat) — Vlogpt(ﬂi‘t)”th(fCt)diUt
diSt(xtaM)SQt

Near the manifoV\

(2) pt(xt) < Pt (3) 'pt(xt) > Pt pr = (QF‘T)_%(O’? logn)™ "2 ¢

Decompose the error into two parts and balance them

(3)
T t
Non-smooth Smooth
2
Forsmallt <t, = n_;l+28, with N For larger t > t,, —d
N-P/d ;
Error < + N parameter Error < —

o? n  neural net noy




Easy to approximate (almost Gaussian)

\

‘ Difficult direction
B

(Approximation error: N d/c?)

Almost negligible



Infinite dimensional diffusion models

[Yuto Maki, Taiji Suzuki: Efficiency of Diffusion Models for Infinite-dimensional
Data Generation: Dimension Independent Approximation and Estimation
Errors. 2026]



Latent features

X € R”

Ly | Informative
[Outline]

Ly

_y

_»

_»

_»

/ / / / —

///// Less

informative
(E.g., wavelet decomposition, U-Net) [Local detail]




Anisotropic smoothness
X ER™

Important
— (1

—_— (19

—_— (13

— (Y

Less
important

Each coordinate has its own importance.

(Important features have larger impact to the density)

Our approach:
Importance is characterized by
smoothness w.r.t. the coordinate.

"] A/\\A/\
"W

Po 4
/\/ = X20

0% (dF
Oz \ duc

< (' & times differentiable
toward i-th coordinate.

Lp



Generalization error

~

S € arg min R(é) : Empirical risk minimizer in the DNN model.

sed (anagaé) Bounding the KL-divergence
. ] — 5 o _
R(3):==>  E _[|8(&,1) - 20V logpi(d|wo) 3]

n i1 t~Unif[T,T]

» Xi = Xi[1:d,, - the top dg,: elements of X,.
> P, distribution of X;. Its conditional distribution §,( |x,) is explicitly given.

Theorem (Generalization error) v:=max{l/p—1/2,0} 0;(C)< i—2/ro

By setting the network size and d,; appropriately, we have that

) N _ (2=rg)(al —v) s 5
EVE(Py,Qr)] Sn” 2ei-051 log®* 7 nlog®(log )

Anisotropic-smoothness

al = > oicy a’qz_l)_l

« Coordinate dependent smoothness yields polynomial order convergence

even for infinite dimensional data.
* It matches the minimax optimal rate to estimate a y-smooth function.




y-smooth function class g

Let Z° := {I € Z° | supp(I) < 0o}

( V2cos(2mliz;)  (I; > 0),
Ur, (x;) = < V/2sin(2rLx;)  (I; < 0),
1 (I; =0).
Yr(x) = [ vn(z:) for I € Z°,
i=1

T = ()2 € (0,1

Function class with infinite dimensional
input that has different smoothness to

each coordinate.

Def. (y-smooth function class)

Forp>1,g>1,7:Ng° — R, define

1€z

« Y(s) = Z S;Q; : mixed-smoothness
i=1
« 7(s) = max{s;a;} :anisotropic-smoothness

g (10, 1]7°) == {f= Z arr ‘ ( Z

arpr(x) .

1/q
2q7<8)||5s(f)!|§§) <o

SENgo

y(s) represents a
n smoothness

|
a; represents smoothness
toward the i-th coordinate.

alSszaBS”' I
B w )



Summary and conclusion o

Part 1: Transformer Part 2: Diffusion models
(In-context learning)
Test time feature learning by Minimax optimality
softmax attention » Adaptation to smoothness
 Achieving the sample complexity  Adaptation to low-dim subspace
with generative exponent
« Gaussian single index n~~-'~! General data support
r3ge(a”)/2 e Curved manifold
* Anisotropic smoothness

+1—6

Measure theoretic in-context ~ _B+1-3
Ep. [Wl(y, XO)} < " zra

learning
* Infinite-length context
* Measure to real-value problem

o 2 7- A newly encoded representation of a
R(F*, FTI,) 5 eXp { - Q ((log T (X/((X+1)) } memorr; (azr e,;rqoram) /‘spstor,:! :coros: the

cortex

2- Reactivation of hippocampal
memories during sleep triggers
reactivation in the cortex

[BrainPost; 2021/1/26]






Discrete diffusion and language model "

(@) Mask all tokens independently (b) Prompt Response (c) Prompt Response
] ST (=17
i Mask ratio t ~ U(0,1) v S
=] < = X i =1 X | »
1 : >
} } : ¢ 5
Mask predictor Mask predictor | Mask predictor ! %
1 1 CD -
1 [
! ! b : bobobi(s
| N
I w
| . Remask L ¢ 1| B
<] Mask token + Remask | > :
Non-mask token , Random mask
t=0%

[Nie et al. Large Language Diffusion Models. arXiv:2502.09992]

¢ Gemini Diffusion

[Google Deepmind: Gemini Diffusion, 2025]



Discrete data

S
o o
‘ _______________ ‘
{1,2,..., L}’

* The number of states exponentially grows w.r.t.
the number of dimensions:

LD

(curse of dimensionality)



Theory of discrete diffusion models:

[Wakasugi, Suzuki: State Size Independent Statistical Error Bound for Discrete Diffusion Models. NeurlPS2025]

’ Example: learning a distribution on {0,1}?

d *
. !  Forward : p — Q Pt Po = P . (true distribution)
o . o o
// ! 7’ qt —
P L  Reverse : Frie =Qr_1q: (t€10,T]), qo=pr.

where Qi(z,y) = iii;@(x,y), Qi(z, ) ZQt (z,y)

Estimation as a multinomial Diffusion model by deep score model
distribution :
:

M eigen function

2 Po = zjzl Cjlj (‘/B) Ejescgom:)osi;[ion)

Dx1, (po | |qAT) 5 — u;: j-th eigel.w function of Q
n ) ;| <leili™® (s> 1) )

Curse of 2(s—1)

: : : D1, (pollgr) S n 2C=D
d|men5|onallty Resolving curse of dimensionality

\_ /' \_(only training important basis functions: feature learning) _/
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