
1. Proportion (Y-axis): Counts as 1 if the estimated change point falls within a specified interval (X-axis) around 
the true change point. The proportion is calculated over all true change points.

2. In the legend, CV: cross-validation is used to select RuLSIF hyperparameters; non-CV: no cross-validation. 
𝑋!: a univariate time series component in V; V: the whole multivariate time series.

3. Baseline Algorithms: RuLSIF: Liu et al. (2013), CIM (Change in Mean): Vostrikova(1981), 
RF(ChangeForest): Londschien et al. (2023), ecp: James and Matteson (2013), kscp3o: Zhang et al. 
(2017). Each marker represents the average accuracy over 100 random trials. 

where                     ,                 and                     . 

Under certain assumptions, we have that given large enough     ,

Theorem. Let            be the estimated PE series for one time series segment                     
and     denote the true change point in this time series segment.     denotes the estimator of    
obtained by:

the concentration of    in such mixture distribution which depends on the window index   .

One of the two sample sets from each half of the sliding window follows a mixture distribution of 
the form                        , assuming one change point per window.    

Definition [Time Series Segments]. A collection of non-overlapping, non-empty subsets of a 
univariate, discrete-valued time series           governed by a Mechanism-Shift SCM, where 
all segments share the same union parent set            over a fixed domain, but differ in 
their configurations           .
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Motivations

Traditionally, change detection focuses on shifts in the joint distribution of all variables—
capturing system-wide changes but missing local changes in specific variables. Such localized 
changes often carry more real-world significance.

Moreover, many existing methods rely on the assumption of independently and identically 
distributed (IID) samples, which may not hold in practice.

Our Goal

Can we detect changes targeting the underlying causal mechanisms of a time series—rather than 
joint or marginal distributional shifts—with theoretical guarantees and without assuming IID 
samples?

Key Idea

Phase One (causal discovery) focuses on uncovering the underlying causal structure of the entire 
non-stationary time series. 

Phase Two (change point detection) centers on change point detection within each time series 
segment, using the causal structures estimated in Phase One to guide the segmentation.

Union of Parent Sets in Non-Stationary Time Series

Causal-RuLSIF: Change Point Detection

Case Study: A Real-world Air Pollution Dataset 
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<latexit sha1_base64="VM5NO7w7W60GjOnGV3A1zC7rqS0=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBKVMtK2XVcGNywr2AtOhZNJMG5q5kGSEMsxDuPFV3LhQxK0Ld76NmWkX2vpD4Mt/cpKT3404k8qyvo3C0vLK6lpxvbSxubW9Y+7utWUYC0JbJOSh6LpYUs4C2lJMcdqNBMW+y2nHHd9k9c4DFZKFwb2aRNTx8TBgHiNYaatvniS9/BJbDF0nsSpXmc5Pp1DPwKoiC9VSlJb6Zllvc8FFQDMog5maffOrNwhJ7NNAEY6ltJEVKSfBQjHCaVrqxZJGmIzxkNoaA+xT6ST5PCk80s4AeqHQK1Awd393JNiXcuK7+qSP1UjO1zLzv5odK+/SSVgQxYoGZPqQF3OoQpglBAdMUKL4RAMmgulZIRlhgYnSOWYhoPkvL0L7rILqldpdtdy4nsVRBAfgEBwDBC5AA9yCJmgBAh7BM3gFb8aT8WK8Gx/TowVj1rMP/sj4/AHJYpou</latexit>

1
<latexit sha1_base64="VM5NO7w7W60GjOnGV3A1zC7rqS0=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBKVMtK2XVcGNywr2AtOhZNJMG5q5kGSEMsxDuPFV3LhQxK0Ld76NmWkX2vpD4Mt/cpKT3404k8qyvo3C0vLK6lpxvbSxubW9Y+7utWUYC0JbJOSh6LpYUs4C2lJMcdqNBMW+y2nHHd9k9c4DFZKFwb2aRNTx8TBgHiNYaatvniS9/BJbDF0nsSpXmc5Pp1DPwKoiC9VSlJb6Zllvc8FFQDMog5maffOrNwhJ7NNAEY6ltJEVKSfBQjHCaVrqxZJGmIzxkNoaA+xT6ST5PCk80s4AeqHQK1Awd393JNiXcuK7+qSP1UjO1zLzv5odK+/SSVgQxYoGZPqQF3OoQpglBAdMUKL4RAMmgulZIRlhgYnSOWYhoPkvL0L7rILqldpdtdy4nsVRBAfgEBwDBC5AA9yCJmgBAh7BM3gFb8aT8WK8Gx/TowVj1rMP/sj4/AHJYpou</latexit>

1
<latexit sha1_base64="8qnqOSyjm2OEXo1TpSPUgY1y1WI=">AAACFHicbZBNS8MwGMfT+TbnW9Wjl+AQBGW0us2X08CLxwnuBboy0izdwtK0JKkwSj+EF7+KFw+KePXgzW9j2u2gm38I/PJ/8iRP/l7EqFSW9W0UlpZXVteK66WNza3tHXN3ry3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3yT1TsPREga8ns1iYgboCGnPsVIaatvniS9/BJHDD03sSpXmc5Pp1DPwKrall1LrbTUN8t6mwsugj2DMpip2Te/eoMQxwHhCjMkpWNbkXITJBTFjKSlXixJhPAYDYmjkaOASDfJ50nhkXYG0A+FXlzB3P3dkaBAykng6ZMBUiM5X8vM/2pOrPxLN6E8ihXhePqQHzOoQpglBAdUEKzYRAPCgupZIR4hgbDSOWYh2PNfXoT2WcWuV2p31XLjehZHERyAQ3AMbHABGuAWNEELYPAInsEreDOejBfj3fiYHi0Ys5598EfG5w/H3Jot</latexit>

0
<latexit sha1_base64="VM5NO7w7W60GjOnGV3A1zC7rqS0=">AAACFHicbZDLSgMxFIYz9VbrbdSlm2ARBKVMtK2XVcGNywr2AtOhZNJMG5q5kGSEMsxDuPFV3LhQxK0Ld76NmWkX2vpD4Mt/cpKT3404k8qyvo3C0vLK6lpxvbSxubW9Y+7utWUYC0JbJOSh6LpYUs4C2lJMcdqNBMW+y2nHHd9k9c4DFZKFwb2aRNTx8TBgHiNYaatvniS9/BJbDF0nsSpXmc5Pp1DPwKoiC9VSlJb6Zllvc8FFQDMog5maffOrNwhJ7NNAEY6ltJEVKSfBQjHCaVrqxZJGmIzxkNoaA+xT6ST5PCk80s4AeqHQK1Awd393JNiXcuK7+qSP1UjO1zLzv5odK+/SSVgQxYoGZPqQF3OoQpglBAdMUKL4RAMmgulZIRlhgYnSOWYhoPkvL0L7rILqldpdtdy4nsVRBAfgEBwDBC5AA9yCJmgBAh7BM3gFb8aT8WK8Gx/TowVj1rMP/sj4/AHJYpou</latexit>

1

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="OZt8gHDVDrcjHycG7XBXOroSBJI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cTbJQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt7nfekKleSwfzThBP6IDyUPOqLHSg1fqlStu1Z2CLBNvTiowR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nr10Qk6s0idhrGxJQ6bq74mMRlqPo8B2RtQM9aKXi/95ndSE137GZZIalGy2KEwFMTHJ3yZ9rpAZMbaEMsXtrYQNqaLM2HDyELzFl5dJ86zqXVYv7s8rtZt5HEU4gmM4BQ+uoAZ3UIcGMAjhGV7hzRk5L8678zFrLTjzmUP4A+fzB6+yjMs=</latexit>

1
<latexit sha1_base64="OZt8gHDVDrcjHycG7XBXOroSBJI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cTbJQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt7nfekKleSwfzThBP6IDyUPOqLHSg1fqlStu1Z2CLBNvTiowR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nr10Qk6s0idhrGxJQ6bq74mMRlqPo8B2RtQM9aKXi/95ndSE137GZZIalGy2KEwFMTHJ3yZ9rpAZMbaEMsXtrYQNqaLM2HDyELzFl5dJ86zqXVYv7s8rtZt5HEU4gmM4BQ+uoAZ3UIcGMAjhGV7hzRk5L8678zFrLTjzmUP4A+fzB6+yjMs=</latexit>

1

<latexit sha1_base64="OZt8gHDVDrcjHycG7XBXOroSBJI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cTbJQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt7nfekKleSwfzThBP6IDyUPOqLHSg1fqlStu1Z2CLBNvTiowR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nr10Qk6s0idhrGxJQ6bq74mMRlqPo8B2RtQM9aKXi/95ndSE137GZZIalGy2KEwFMTHJ3yZ9rpAZMbaEMsXtrYQNqaLM2HDyELzFl5dJ86zqXVYv7s8rtZt5HEU4gmM4BQ+uoAZ3UIcGMAjhGV7hzRk5L8678zFrLTjzmUP4A+fzB6+yjMs=</latexit>

1

<latexit sha1_base64="OZt8gHDVDrcjHycG7XBXOroSBJI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cTbJQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt7nfekKleSwfzThBP6IDyUPOqLHSg1fqlStu1Z2CLBNvTiowR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nr10Qk6s0idhrGxJQ6bq74mMRlqPo8B2RtQM9aKXi/95ndSE137GZZIalGy2KEwFMTHJ3yZ9rpAZMbaEMsXtrYQNqaLM2HDyELzFl5dJ86zqXVYv7s8rtZt5HEU4gmM4BQ+uoAZ3UIcGMAjhGV7hzRk5L8678zFrLTjzmUP4A+fzB6+yjMs=</latexit>

1

<latexit sha1_base64="OZt8gHDVDrcjHycG7XBXOroSBJI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cTbJQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt7nfekKleSwfzThBP6IDyUPOqLHSg1fqlStu1Z2CLBNvTiowR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nr10Qk6s0idhrGxJQ6bq74mMRlqPo8B2RtQM9aKXi/95ndSE137GZZIalGy2KEwFMTHJ3yZ9rpAZMbaEMsXtrYQNqaLM2HDyELzFl5dJ86zqXVYv7s8rtZt5HEU4gmM4BQ+uoAZ3UIcGMAjhGV7hzRk5L8678zFrLTjzmUP4A+fzB6+yjMs=</latexit>

1
<latexit sha1_base64="OZt8gHDVDrcjHycG7XBXOroSBJI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cTbJQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt7nfekKleSwfzThBP6IDyUPOqLHSg1fqlStu1Z2CLBNvTiowR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nr10Qk6s0idhrGxJQ6bq74mMRlqPo8B2RtQM9aKXi/95ndSE137GZZIalGy2KEwFMTHJ3yZ9rpAZMbaEMsXtrYQNqaLM2HDyELzFl5dJ86zqXVYv7s8rtZt5HEU4gmM4BQ+uoAZ3UIcGMAjhGV7hzRk5L8678zFrLTjzmUP4A+fzB6+yjMs=</latexit>

1

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="kp0wM6Fh4sRWld0HGoEqKYyp1pk=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xhaeAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFS3e2Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94V5XL+kW5epvHUYBjOIEz8OAaqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/efGMtg==</latexit>

0

<latexit sha1_base64="OZt8gHDVDrcjHycG7XBXOroSBJI=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKLzwFvHiMYh6QLGF20psMmZ1dZmaFsOQPvHhQxKt/5M2/cTbJQRMLGoqqbrq7gkRwbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt7nfekKleSwfzThBP6IDyUPOqLHSg1fqlStu1Z2CLBNvTiowR71X/ur2Y5ZGKA0TVOuO5ybGz6gynAmclLqpxoSyER1gx1JJI9R+Nr10Qk6s0idhrGxJQ6bq74mMRlqPo8B2RtQM9aKXi/95ndSE137GZZIalGy2KEwFMTHJ3yZ9rpAZMbaEMsXtrYQNqaLM2HDyELzFl5dJ86zqXVYv7s8rtZt5HEU4gmM4BQ+uoAZ3UIcGMAjhGV7hzRk5L8678zFrLTjzmUP4A+fzB6+yjMs=</latexit>

1
<latexit sha1_base64="eiB6Tldqcidv0g9W2+U4sGUGHEc=">AAACFXicbVDLSsNAFJ34rPUVdekmWAQXJSRpbYurghuXFfqCNITJdNIOnTyYmQgl9Cfc+CtuXCjiVnDn3zhJs9DWAwNnzrn3zp3jxZRwYRjfysbm1vbObmmvvH9weHSsnpz2eZQwhHsoohEbepBjSkLcE0RQPIwZhoFH8cCb3Wb+4AEzTqKwK+YxdgI4CYlPEBRSctVqOsqH2GziOamht0yj2WpWDd0w64ZlZaRmNWqNRddFC1etyHsObZ2YBamAAh1X/RqNI5QEOBSIQs5t04iFk0ImCKJ4UR4lHMcQzeAE25KGMMDcSfOFFtqlVMaaHzF5QqHl6u+OFAaczwNPVgZQTPmql4n/eXYi/JaTkjBOBA7R8iE/oZqItCwibUwYRoLOJYGIEbmrhqaQQSRkkGUZgrn65XXSt3SzoV/f1yvtmyKOEjgHF+AKmKAJ2uAOdEAPIPAInsEreFOelBflXflYlm4oRc8Z+APl8wcAcJrn</latexit>

Tc

<latexit sha1_base64="QRjtqHaW1XkhzipT58WcvCraqlg=">AAAB8nicbVDLSgMxFM34rPVVdekmWAQXUmaKL1wV3LisYB8wHUsmzbShmWRI7ghl7Ge4caGIW7/GnX9j2s5CW08IHM65l3vvCRPBDbjut7O0vLK6tl7YKG5ube/slvb2m0almrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vJn4rUemDVfyHkYJC2LSlzzilICV/PZDtQtP7ql93VLZrbhT4EXi5aSMctS7pa9OT9E0ZhKoIMb4nptAkBENnAo2LnZSwxJCh6TPfEsliZkJsunKY3xslR6OlLZfAp6qvzsyEhszikNbGRMYmHlvIv7n+SlEV0HGZZICk3Q2KEoFBoUn9+Me14yCGFlCqOZ2V0wHRBMKNqWiDcGbP3mRNKsV76JyfndWrl3ncRTQITpCJ8hDl6iGblEdNRBFCj2jV/TmgPPivDsfs9IlJ+85QH/gfP4Ab6SQCQ==</latexit>

X2
t |0, 0, 0

<latexit sha1_base64="xwKQw47t6fnXnoH3AiNYo2ef9+4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYTd4AtPAS8eI5gHJGuYncwmQ2ZnlpleIaz5DC8eFPHq13jzb5wke9DEgoaiqpvuriAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0c3Ubz0ybbiS9zCOmR+RgeQhpwSs1Gk/VHvw5JbdstcrltyKOwNeJl5GSihDvVf86vYVTSImgQpiTMdzY/BTooFTwSaFbmJYTOiIDFjHUkkiZvx0dvIEn1ilj0OlbUnAM/X3REoiY8ZRYDsjAkOz6E3F/7xOAuGVn3IZJ8AknS8KE4FB4en/uM81oyDGlhCqub0V0yHRhIJNqWBD8BZfXibNasW7qJzfnZVq11kceXSEjtEp8tAlqqFbVEcNRJFCz+gVvTngvDjvzse8NedkM4foD5zPH3EokAo=</latexit>

X2
t |0, 0, 1

<latexit sha1_base64="mfzeBPnQGPDJeOgV1T4N/Y2JQq4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYTd4AtPAS8eI5gHJGuYncwmQ2ZnlpleIaz5DC8eFPHq13jzb5wke9DEgoaiqpvuriAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0c3Ubz0ybbiS9zCOmR+RgeQhpwSs1Gk/VHvw5Ja9stsrltyKOwNeJl5GSihDvVf86vYVTSImgQpiTMdzY/BTooFTwSaFbmJYTOiIDFjHUkkiZvx0dvIEn1ilj0OlbUnAM/X3REoiY8ZRYDsjAkOz6E3F/7xOAuGVn3IZJ8AknS8KE4FB4en/uM81oyDGlhCqub0V0yHRhIJNqWBD8BZfXibNasW7qJzfnZVq11kceXSEjtEp8tAlqqFbVEcNRJFCz+gVvTngvDjvzse8NedkM4foD5zPH3EqkAo=</latexit>

X2
t |0, 1, 0

<latexit sha1_base64="1eCIFnTofnG7T2Wuts6sGdDJUFk=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYTd4AtPAS8eI5gHJGuYncwmQ2ZnlpleIaz5DC8eFPHq13jzb5wke9DEgoaiqpvuriAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0c3Ubz0ybbiS9zCOmR+RgeQhpwSs1Gk/VHvw5Ja9stcrltyKOwNeJl5GSihDvVf86vYVTSImgQpiTMdzY/BTooFTwSaFbmJYTOiIDFjHUkkiZvx0dvIEn1ilj0OlbUnAM/X3REoiY8ZRYDsjAkOz6E3F/7xOAuGVn3IZJ8AknS8KE4FB4en/uM81oyDGlhCqub0V0yHRhIJNqWBD8BZfXibNasW7qJzfnZVq11kceXSEjtEp8tAlqqFbVEcNRJFCz+gVvTngvDjvzse8NedkM4foD5zPH3KukAs=</latexit>

X2
t |0, 1, 1

<latexit sha1_base64="hszKczhA0H3O1OZ/VubOJBu8CeE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYTd4AtPAS8eI5gHJGuYncwmQ2ZnlpleIaz5DC8eFPHq13jzb5wke9DEgoaiqpvuriAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0c3Ubz0ybbiS9zCOmR+RgeQhpwSs1Gk/VHvw5JXdstsrltyKOwNeJl5GSihDvVf86vYVTSImgQpiTMdzY/BTooFTwSaFbmJYTOiIDFjHUkkiZvx0dvIEn1ilj0OlbUnAM/X3REoiY8ZRYDsjAkOz6E3F/7xOAuGVn3IZJ8AknS8KE4FB4en/uM81oyDGlhCqub0V0yHRhIJNqWBD8BZfXibNasW7qJzfnZVq11kceXSEjtEp8tAlqqFbVEcNRJFCz+gVvTngvDjvzse8NedkM4foD5zPH3EskAo=</latexit>

X2
t |1, 0, 0

<latexit sha1_base64="CdxGWloqtbElQs8E5w2/BPDISnw=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYTd4AtPAS8eI5gHJGuYncwmQ2ZnlpleIaz5DC8eFPHq13jzb5wke9DEgoaiqpvuriAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0c3Ubz0ybbiS9zCOmR+RgeQhpwSs1Gk/VHvw5JXdstcrltyKOwNeJl5GSihDvVf86vYVTSImgQpiTMdzY/BTooFTwSaFbmJYTOiIDFjHUkkiZvx0dvIEn1ilj0OlbUnAM/X3REoiY8ZRYDsjAkOz6E3F/7xOAuGVn3IZJ8AknS8KE4FB4en/uM81oyDGlhCqub0V0yHRhIJNqWBD8BZfXibNasW7qJzfnZVq11kceXSEjtEp8tAlqqFbVEcNRJFCz+gVvTngvDjvzse8NedkM4foD5zPH3KwkAs=</latexit>

X2
t |1, 0, 1

<latexit sha1_base64="xbT4B5RhskknMxM2YInnZmwC6HE=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYTd4AtPAS8eI5gHJGuYncwmQ2ZnlpleIaz5DC8eFPHq13jzb5wke9DEgoaiqpvuriAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0c3Ubz0ybbiS9zCOmR+RgeQhpwSs1Gk/VHvw5JW9stsrltyKOwNeJl5GSihDvVf86vYVTSImgQpiTMdzY/BTooFTwSaFbmJYTOiIDFjHUkkiZvx0dvIEn1ilj0OlbUnAM/X3REoiY8ZRYDsjAkOz6E3F/7xOAuGVn3IZJ8AknS8KE4FB4en/uM81oyDGlhCqub0V0yHRhIJNqWBD8BZfXibNasW7qJzfnZVq11kceXSEjtEp8tAlqqFbVEcNRJFCz+gVvTngvDjvzse8NedkM4foD5zPH3KykAs=</latexit>

X2
t |1, 1, 0

<latexit sha1_base64="YOTVOry2w8V5tYchxS0FhBRBWM0=">AAAB8nicbVDLSgMxFM34rPVVdekmWAQXUmaKL1wV3LisYB8wHUsmzbShmWRI7ghl7Ge4caGIW7/GnX9j2s5CW08IHM65l3vvCRPBDbjut7O0vLK6tl7YKG5ube/slvb2m0almrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vJn4rUemDVfyHkYJC2LSlzzilICV/PZDtQtP3ql93VLZrbhT4EXi5aSMctS7pa9OT9E0ZhKoIMb4nptAkBENnAo2LnZSwxJCh6TPfEsliZkJsunKY3xslR6OlLZfAp6qvzsyEhszikNbGRMYmHlvIv7n+SlEV0HGZZICk3Q2KEoFBoUn9+Me14yCGFlCqOZ2V0wHRBMKNqWiDcGbP3mRNKsV76JyfndWrl3ncRTQITpCJ8hDl6iGblEdNRBFCj2jV/TmgPPivDsfs9IlJ+85QH/gfP4AdDaQDA==</latexit>

X2
t |1, 1, 1

⋯

⋯⋯

⋯

⋯ ⋯

⋯

⋯⋯

⋯

⋯ ⋯

⋯

⋯

Theorem (adapted from [1]). Let             denote the union parent set of     and             denote the estimated union parent 
set obtained from PCMCI [2] algorithm on time series     with a Mechanism-Shift SCM. Under certain assumptions and with 
an oracle (infinite sample size limit), we have that:

<latexit sha1_base64="J2BEF+moiNG1QAxkB/JJRS7nLlY=">AAACAHicbVC5TsNAEF1zhnAlUNJYREihiWzEVaEgGsogyCElwVqvJ8mS9dryjhMiKw3/QQt0iJYvgb9hcxSQ8KSRnt6b0cw8NxRcoWV9GwuLS8srq6m19PrG5tZ2JrtTUUEcMSizQARRzaUKBJdQRo4CamEE1HcFVN3u1civ9iBSPJB3OAih6dO25C3OKGrJyWQbCI+Y3JYuh/mag/cPh04mZxWsMcx5Yk9JjkxRcjJfDS9gsQ8SmaBK1fUBPQ79ZqKQSo+KQMIw3YgVhJR1aRvqmkrqg2om4weG5oFWPLMVRLokmmP190RCfaUGvqs7fYodNeuNxP+8eoyt82bCZRgjSDZZ1IqFiYE5SsP0eAQMxUATyiKOnJmsQyPKUGeW1lHYs4/Pk8pRwT4tnNwc54oX01BSZI/skzyxyRkpkmtSImXCSJ88kxfyajwZb8a78TFpXTCmM7vkD4zPH9AHlsI=</latexit>

SPA(Xj
t )

<latexit sha1_base64="B4JKX8gkkHLWA1GpvTtzSbz61Nc=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8la34dZKCF48V3LbQriWbzbax2WRJZitl6W/wqt7Eqz9I/41puwdtfTDweG+GmXlBIrgB1/12lpZXVtfWCxvFza3tnd3S3n7DqFRT5lEllG4FxDDBJfOAg2CtRDMSB4I1g8HNxG8OmTZcyXsYJcyPSU/yiFMCVvJaXXh47JbKbsWdAi+Sak7KKEe9W/rqhIqmMZNABTGmbVcOOXvyMwNEhkQoycbFTmpYQuiA9FjbUkliZvxsevIYH1slxJHStiTgqfp7IiOxMaM4sJ0xgb6Z9ybif147hejKz7hMUmCSzhZFqcCg8OR/HHLNKIiRJYRqDpxi2ieaULApFW0U1fnHF0njtFK9qJzfnZVr13koBXSIjtAJqqJLVEO3qI48RBFHz+gFvTrgvDnvzsesdcnJZw7QHzifP8mkkcs=</latexit>

Xj
t

<latexit sha1_base64="2UlNRk6alExSTbADuG+un92AY8A=">AAACCnicbVDLTgJBEJzFF+IL9chlIzHBCwHj62QwXjxilEcCK5mdbWBkdnaz0wuSDQfv/odX9Wa8+hH6Nw6wBwUr6aRS1Z3uLtsXXGGh8G0kFhaXlleSq6m19Y3NrfT2TlV5YcCgwjzhBXWbKhBcQgU5Cqj7AVDXFlCze5djv9aHQHFP3uLQB8ulHcnbnFHUUiudaQ64A12KURPhAaOb8sVolKu38O7+oJXOFvKFCcx5UoxJlsQot9JfTcdjoQsSmaBKNfQpfQ4DK1JIpUOFJ2GUaoYKfMp6tAMNTSV1QVnR5JWRua8Vx2x7gS6J5kT9PRFRV6mha+tOl2JXzXpj8T+vEWL7zIq49EMEyaaL2qEw0TPHuZgOD4ChGGpCWcCRM5N1aUAZ6vRSOori7OPzpHqYL57kj6+PsqXzOJQkyZA9kiNFckpK5IqUSYUw8kieyQt5NZ6MN+Pd+Ji2Jox4Zpf8gfH5Ax8Fm2A=</latexit>

dSPA(Xj
t )

<latexit sha1_base64="mz3JsZi6v04CMXLFW3uG1OH8EFQ=">AAAB+nicbVDLTsMwEHR4lvIqcORiUSFxqhLE64QqceFYJPqQ2lA5zqY1dZxgO0VV6HdwBW6IKx8Df4PT5gAtI600mtnV7o4Xc6a0bX9bC4tLyyurhbXi+sbm1nZpZ7ehokRSqNOIR7LlEQWcCahrpjm0Ygkk9Dg0vcFV5jeHIBWLxK0exeCGpCdYwCjRRnI7IdF9L0hb47t73C2V7Yo9AZ4nTk7KKEetW/rq+BFNQhCacqJU26weMnh0U6WJ8AmPBIyLnURBTOiA9KBtqCAhKDednD7Gh0bxcRBJU0Ljifp7IiWhUqPQM53ZqWrWy8T/vHaigws3ZSJONAg6XRQkHOsIZzlgn0mgmo8MIVQyzSimfSIJ1SatoonCmX18njSOK85Z5fTmpFy9zEMpoH10gI6Qg85RFV2jGqojih7QM3pBr9aT9Wa9Wx/T1gUrn9lDf2B9/gDI1JUu</latexit>

Xj

<latexit sha1_base64="XTOtWP8W++Y7lFh/xolSIU3XXiM=">AAACJnicbVDLTsMwEHR4lvIqcORiUSHBpUoRrxMq4sKxCFoqNaVynA01dZwQbyhV1E/hzn9wBW4IuPEpuKWI50iWRjOzWu+4kRQabfvVGhkdG5+YzExlp2dm5+ZzC4tVHSYxhwoPZRjXXKZBCgUVFCihFsXAAlfCqds+6PunVxBrEaoT7EbQCNi5Er7gDI3UzO04CNeYHpf3e2u1Jp5drFNHJ64GhEvqdIQHLYbpV+gz1czl7YI9AP1LikOSJ0OUm7kXxwt5EoBCLpnWdfPNKwGdRqqRKY/JUEEv6yQaIsbb7BzqhioWgG6kgzN7dNUoHvXD2DyFdKB+n0hZoHU3cE0yYNjSv72++J9XT9DfbaRCRQmC4h+L/ERSDGm/M+qJGDjKriGMxwIFp7zFYsbRNJs1VRR/H/6XVDcKxe3C1tFmvrQ3LCVDlskKWSNFskNK5JCUSYVwckPuyD15sG6tR+vJev6IjljDmSXyA9bbO62/psE=</latexit>

SPA(Xj
t ) ✓ dSPA(Xj

t )

Time Series Segments

<latexit sha1_base64="9YbRjpzRcEeieX0Oh2PH0fuNeUQ=">AAACAHicbVC5TsNAEF1zhnAlUNJYREihiWzEVaEgGsogyCElwVqvJ8mS9dryjhMiKw3/QQt0iJYvgb9hcxSQ8KSRnt6b0cw8NxRcoWV9GwuLS8srq6m19PrG5tZ2JrtTUUEcMSizQARRzaUKBJdQRo4CamEE1HcFVN3u1civ9iBSPJB3OAih6dO25C3OKGrJyWQbCI+Y3JYuh/na/YODh04mZxWsMcx5Yk9JjkxRcjJfDS9gsQ8SmaBK1fUBPQ79ZqKQSo+KQMIw3YgVhJR1aRvqmkrqg2om4weG5oFWPLMVRLokmmP190RCfaUGvqs7fYodNeuNxP+8eoyt82bCZRgjSDZZ1IqFiYE5SsP0eAQMxUATyiKOnJmsQyPKUGeW1lHYs4/Pk8pRwT4tnNwc54oX01BSZI/skzyxyRkpkmtSImXCSJ88kxfyajwZb8a78TFpXTCmM7vkD4zPH8/xlsI=</latexit>

SPA(Xj
t )

<latexit sha1_base64="y791Eop7/tuekQN74vN/BSkbccU=">AAACA3icbVDLSsNAFJ3UV62v+Ni5GSyCq5KIr5UU3LisYB/QxDKZTNqxk5mQmVRqyNL/cKvuxK3/oX/jpM1CWw9cOJxzL/fe40WMSmVZ30ZpYXFpeaW8Wllb39jcMrd3WlIkMSZNLJiIOx6ShFFOmooqRjpRTFDoMdL2hle53x6RWFLBb9U4Im6I+pwGFCOlpZ6554RIDbwg7WR36X3mUA5bsGdWrZo1AZwndkGqoECjZ345vsBJSLjCDEnZ1TeMKHlwU6kQ9xETnGQVJ5EkQniI+qSrKUchkW46+SGDh1rxYSBiXVzBifp7IkWhlOPQ0535xXLWy8X/vG6iggs3pTxKFOF4uihIGFQC5oFAn8YEKzbWBOGYKoohHqAYYaVjq+go7NnH50nruGaf1U5vTqr1yyKUMtgHB+AI2OAc1ME1aIAmwOARPIMX8Go8GW/Gu/ExbS0Zxcwu+APj8wd/MJhG</latexit>

Xj 2 V

Samples in each Time Series Segment of      are IID.
<latexit sha1_base64="/5UHUMqorMQbc6i4m8nXu19trS8=">AAAB9XicbVBNT8JAEN3iF+IX6tHLRmLiibTEr5Mh8eIRE4EmUMl2O4UN292mu4WQhj/hVb0Zr/4d/Tcu0IOCL5nk5b2ZzMzzY86Utu1vq7C2vrG5Vdwu7ezu7R+UD49aSqYJhSaVXCauTxRwJqCpmebgxgmQyOfQ9od3M789gkQxKR71JAYvIn3BQkaJNpLb9cPMnT7VeuWKXbXnwKvEyUkF5Wj0yl/dQNI0AqEpJ0p1zNYRg7GXKU1EQLgUMC11UwUxoUPSh46hgkSgvGx+9RSfGSXAoUxMCY3n6u+JjERKTSLfdEZED9SyNxP/8zqpDm+8jIk41SDoYlGYcqwlnkWAA5YA1XxiCKEJ04xiOiAJodoEVTJROMuPr5JWrepcVS8fLir12zyUIjpBp+gcOega1dE9aqAmooijZ/SCXq2x9Wa9Wx+L1oKVzxyjP7A+fwDkH5L6</latexit>

X2

<latexit sha1_base64="yGjDJbXS04sftbGApO4do0iEZqE="></latexit>

⇠ p0(X2
t2 |Pa(X

2
t2)

<latexit sha1_base64="QtQmmRQLIrNr0HasKdIZNOVLKYU="></latexit>

⇠ p(X2
t1 |Pa(X

2
t1)

Dynamic 𝛼-Relative Pearson Divergence 𝑃𝐸!" via Sliding 
Window 𝑊"

<latexit sha1_base64="juhbrM8JrtU7LPAmZ/WMskREI1Y="></latexit>

xj
i.i.d.⇠ p

<latexit sha1_base64="wguioUpKZBtOGPWWnV9nlkyOj44="></latexit>

xi
i.i.d.⇠ p

<latexit sha1_base64="OGpME9nCgXuveyTMpTRHwoMR+bs="></latexit>

W1

<latexit sha1_base64="wguioUpKZBtOGPWWnV9nlkyOj44="></latexit>

xi
i.i.d.⇠ p

<latexit sha1_base64="wguioUpKZBtOGPWWnV9nlkyOj44="></latexit>

xi
i.i.d.⇠ p

<latexit sha1_base64="CRwBdlaDL2knW/e+qOsVZqBDUzo="></latexit>

xj
i.i.d.⇠ 2

3
p+

1

3
p0

<latexit sha1_base64="X4u6aZ976Dch0psPDKZN+9d/JtM="></latexit>

xj
i.i.d.⇠ p0

<latexit sha1_base64="X4u6aZ976Dch0psPDKZN+9d/JtM="></latexit>

xj
i.i.d.⇠ p0

<latexit sha1_base64="dKaQltAUNzChCahqIGL93SMyMRs="></latexit>

W2

<latexit sha1_base64="7mtLyoiIAHngKx7lLvGMJ/BQG4Y="></latexit>

W3

<latexit sha1_base64="6/judT7Jgt8aw3nWqc9ItJOde/E="></latexit>

W4

Dynamic 𝛼-relative density-ratio: 

Dynamic 𝛼-relative Pearson Divergence and its Estimator:

Instead of a fixed hyperparameter   , we have a dynamic parameter    that corresponds to the 
sliding window      . 

<latexit sha1_base64="X78gPiiMXMyWtgBoJWhM0nOEdhM=">AAAB83icdVBNS8NAEN3Ur1q/qh69LBbBU0ja2vYkBS8eK9gPaEOZbDbt2s0mZDeVEvofvKo38er/0X/jpq2gog8GHu/NMDPPjTiTyrI+jNza+sbmVn67sLO7t39QPDzqyDCJCW2TkIdxzwVJORO0rZjitBfFFAKX0647ucr87pTGkoXiVs0i6gQwEsxnBJSWOgPg0RiGxZJlNmyr3qhjy7TsqlUuZ6RSrlVq2DatBUpohdaw+D7wQpIEVCjCQcq+3jll9N5JpQLhAQ8FnRcGiaQRkAmMaF9TAQGVTrq4eY7PtOJhP4x1CYUX6veJFAIpZ4GrOwNQY/nby8S/vH6i/IaTMhEligqyXOQnHKsQZwFgj8WUKD7TBEjMFCOYjCEGonRMBR3F17/4f9Ipm3bNvLiplpqXq1Dy6ASdonNkozpqomvUQm1E0B16QI/oyUiMZ+PFeF225ozVzDH6AePtE/QUkoA=</latexit>↵ <latexit sha1_base64="Z9lwLDclHa/tTJ3re+97TSLMTiA="></latexit>↵i
<latexit sha1_base64="6DC3K8ivMzeu/kvde+a3ZUw+zSo="></latexit>

Wi

<latexit sha1_base64="MIHPELDMBnyZxnPtlD5Zzd4OQp0="></latexit>

(1� ↵i)p+ ↵ip
0

<latexit sha1_base64="pe1Id55AyhiiWM5rfOr41UM9ZVg="></latexit>

xi
i.i.d.⇠ 1

3
p+

2

3
p0

<latexit sha1_base64="5kBPQ0+yZCOnlqb78WasJEz3Ijo=">AAAB73icdVDLSsNAFJ3UV62vqks3g0V0FZK0tl1JwY3LKvYBbSiTyaQdOpmJmUmlhP6BW3Unbv0j/RsnbQUVPXDhcM693HuPFzEqlWV9GLmV1bX1jfxmYWt7Z3evuH/QliKJMWlhwUTc9ZAkjHLSUlQx0o1igkKPkY43vsz8zoTEkgp+q6YRcUM05DSgGCkt3USng2LJMuu2VavXoGVadsVynIyUnWq5Cm3TmqMElmgOiu99X+AkJFxhhqTs6X0TSu7dVCrEfcQEJ7NCP5EkQniMhqSnKUchkW46v3cGT7Tiw0DEuriCc/X7RIpCKaehpztDpEbyt5eJf3m9RAV1N6U8ShTheLEoSBhUAmbPQ5/GBCs21QThmCqKIR6hGGGlIyroKL7+hf+TtmPaVfP8ulJqXCxDyYMjcAzOgA1qoAGuQBO0AAYBeACP4Mm4M56NF+N10ZozljOH4AeMt0+YUZCN</latexit>

p0
<latexit sha1_base64="Env6rryTh8sWoRn1/xxpnhLt+j0="></latexit>

i

where         is estimated from a method called RuLSIF [3,4] with kernel functions.

<latexit sha1_base64="QRjtqHaW1XkhzipT58WcvCraqlg=">AAAB8nicbVDLSgMxFM34rPVVdekmWAQXUmaKL1wV3LisYB8wHUsmzbShmWRI7ghl7Ge4caGIW7/GnX9j2s5CW08IHM65l3vvCRPBDbjut7O0vLK6tl7YKG5ube/slvb2m0almrIGVULpdkgME1yyBnAQrJ1oRuJQsFY4vJn4rUemDVfyHkYJC2LSlzzilICV/PZDtQtP7ql93VLZrbhT4EXi5aSMctS7pa9OT9E0ZhKoIMb4nptAkBENnAo2LnZSwxJCh6TPfEsliZkJsunKY3xslR6OlLZfAp6qvzsyEhszikNbGRMYmHlvIv7n+SlEV0HGZZICk3Q2KEoFBoUn9+Me14yCGFlCqOZ2V0wHRBMKNqWiDcGbP3mRNKsV76JyfndWrl3ncRTQITpCJ8hDl6iGblEdNRBFCj2jV/TmgPPivDsfs9IlJ+85QH/gfP4Ab6SQCQ==</latexit>

X2
t |0, 0, 0 ⋯

<latexit sha1_base64="xwKQw47t6fnXnoH3AiNYo2ef9+4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgIYTd4AtPAS8eI5gHJGuYncwmQ2ZnlpleIaz5DC8eFPHq13jzb5wke9DEgoaiqpvuriAW3IDrfju5ldW19Y38ZmFre2d3r7h/0DQq0ZQ1qBJKtwNimOCSNYCDYO1YMxIFgrWC0c3Ubz0ybbiS9zCOmR+RgeQhpwSs1Gk/VHvw5JbdstcrltyKOwNeJl5GSihDvVf86vYVTSImgQpiTMdzY/BTooFTwSaFbmJYTOiIDFjHUkkiZvx0dvIEn1ilj0OlbUnAM/X3REoiY8ZRYDsjAkOz6E3F/7xOAuGVn3IZJ8AknS8KE4FB4en/uM81oyDGlhCqub0V0yHRhIJNqWBD8BZfXibNasW7qJzfnZVq11kceXSEjtEp8tAlqqFbVEcNRJFCz+gVvTngvDjvzse8NedkM4foD5zPH3EokAo=</latexit>

X2
t |0, 0, 1 ⋯⋯

<latexit sha1_base64="/VoAi5AjvigAmqujS6m9g6+OKEo="></latexit>

i.i.d.⇠ p(X2
t |spa(X2

t ) = 0, 0, 0)
<latexit sha1_base64="SWNXdxDVkvmkfQj4WlBcK9Diipw="></latexit>

i.i.d.⇠ p0(X2
t |spa(X2

t ) = 0, 0, 0)

<latexit sha1_base64="0HjOAL4xRorGDeBFIVKYCs/JEbk="></latexit>

i.i.d.⇠ p0(X2
t |spa(X2

t ) = 0, 0, 1)

<latexit sha1_base64="RS+ilhNVgqHKiO7pisPcloC7Ld8="></latexit>

i.i.d.⇠ p(X2
t |spa(X2

t ) = 0, 0, 1)

<latexit sha1_base64="j9ENYqcqSCoer2V7CjZ/ho2Kx8k="></latexit>

r↵i(x|spa(x)) =
p

(1� ↵i)p+ ↵ip0
:=

p

q↵i

<latexit sha1_base64="WXuVigcMeT9g1sg1OQhQGwXVsyM="></latexit>

p0 := p0(x|spa(x))

<latexit sha1_base64="tevhmtuK82JijDs4LIBSfVsTJ7c=">AAACBHicdVBNS8NAEN34bf2qiicvi0VoLyFpa1sEoeDFYwWrQlvKZjutSzebkJ1oS+zV/+FVvYlXf4f+G7e1goo+GHi8N8PMPC+UQqPjvFszs3PzC4tLy6mV1bX1jfTm1rkO4ohDnQcyiC49pkEKBXUUKOEyjID5noQLr3889i+uIdIiUGc4DKHls54SXcEZGqmd3gkPj8Ls4LaJMMBEh2yUHeRy7XTGsSuuU66UqWM7btHJ58ekkC8VStS1nQkyZIpaO/3W7AQ89kEhl0zrhjniWsBNK9HIVIfJQMEo1Yw1hIz3WQ8ahirmg24lkydGdN8oHdoNIlMK6UT9PpEwX+uh75lOn+GV/u2Nxb+8RozdSisRKowRFP9c1I0lxYCOE6EdEQFHOTSE8Uig4JRfsYhxNLmlTBRf/9L/yXnedkv2wWkxU61MQ1kiu2SPZIlLyqRKTkiN1AknCbknD+TRurOerGfr5bN1xprObJMfsF4/ACZ7mKE=</latexit>
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Algorithm 1 Causal-RuLSIF
Input: A n-variate time series V = (X1, · · · ,Xn) with domain set D = {d1, ...ds}. Set appropriate ⌧ub, nw,
nst and ↵.
A superset of the parent set is obtained using PCMCI with ⌧ub and denote it by dSPA(Xj

t ) 8j, t.
for Xj where j 2 [n] do

cPA(Xj
t ) dSPA(Xj

t )

Construct {Xj(⇤)} based on configurations of dSPA(Xj
t ).

for Xj(⇤) where ⇤ 2 [s|
dSPA(Xj

t )|] do
Store divergence score series {dPE

j,⇤

↵�i
} with RuLSIF on sliding windows shifting over Xj(⇤) where

i 2 [bTsub�2nw
nst

c+ 1] and Tsub := |Xj(⇤)|.
end for
b⇤ arg⇤ max{dPE

j,⇤

↵�i
}i,⇤ B Pick the ⇤th time series segments whose maximum value over all segments is

maximum.
bT j
c  argi max{dPE

j,b⇤
↵�i

}i B Pick the ith window index with maximum PE score on Xj(b⇤).
Project bT j

c , where j 2 [n], back to the original time series Xj with eT j
c = 1

2 (tbT j
c
+ tbT j

c +1), where tbT j
c

is the
time index in X corresponding to the midpoint of the window indexed by bT j

c in Xj(b⇤).
Consider Xj

t�⌧ 2 cPA(Xj
t ). Remove Xj

t�⌧ from cPA(Xj
t ) if Xi

t�⌧ ?? Xj
t |

⇣
[SPA(Xj

t ) [[SPA(Xi
t�⌧ )

⌘
\Xi

t�⌧

on samples {Xj
t }t<eT j

c
and {Xj

t }t�eT j
c

respectively.
end for
return eT j

c and cPA(Xj
t ) 8j, t.

Table 1: Causal-RuLSIF in PM10 dataset
X eT j

c
cPA(Xj

t<eT j
c
); cPA(Xj

t�eT j
c
)

XFr 05/08/23 {XFr
t�1}; {XFr

t�1,t�2,t�3}
XMono 02/01/23 {XMono

t�1 }; {XMono
t�1,t�2, X

Mont
t�3 }

XMont 04/04/23 {XMont
t�1 };{XMont

t�1 }

This dataset monitors the amount of PM10 (coarse particles with a diameter between 2.5 and 10 
micrometers) in the air. The 3-variate time series data records the hourly concentration of PM10  
across three counties in California—Fresno, Mono and Monterey—from Jan to June 2023. 

During the first half of 2023, the causal mechanism of PM10 in Fresno is likely to shift on May 8, 
2023. While the PM10 levels in Fresno and Monterey are not influenced by other counties, a 
causal link from Monterey to Mono has emerged after February 2, 2023.
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Note:     is the stride length, i.e., the number of time points the sliding window jumps forward at 
each step.      is the length of the sliding window.    denotes the index of the time series segment of         
     .     
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In Figure A, Causal-RuLSIF is tested with different time series lengths   , and its performance 
improves as the time series length    increases, empirically supporting its consistency.

In Figure B, Causal-RuLSIF is tested with different sizes of               . It is less accurate when                               
                       as variables depend only on their own past        , with no cross-series correlation. 
When                      , Causal-RuLSIF outperforms others by capturing shifts in causal mechanisms. 
However, its performance drops as              increases due to the exponential growth in the total 
number of parent configurations, which reduces the effective sample size.
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