
Results in graph structure learning:

• HGSL compared to Graphical Lasso variants and vanilla GSL algorithms

Robustness Analysis:

• The Impact of homophily ratio and signal smoothness to HGSL. 

Real-world Analysis

• HGSL applied to financial relation mining among companies.
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• To make the optimization problem convex, we use low-rank 
approximation:  𝒆𝒓𝒆𝒓

⊤ ≈ 𝑼𝜙 𝑢
⊤ 𝑩𝒓 𝑼𝜙 𝑣 . 

• The optimization problem is decomposed into the Graph Structure 
Learning step and the relation embedding update step. 

• The general optimization objective:

argmin
𝐰,𝐞

෍
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𝑤𝑢𝑣𝑟 ∥ 𝒆𝑟 ∘ 𝒙𝑢 − 𝒙𝑣 ∥2 + Ω 𝐖 + Ω(𝒆𝑟)

     We choose log 𝑝  𝐖 = 𝟏⊤log( σ𝑟 𝐖∷𝑟) ⋅ 𝟏  and an elastic norm on 𝒆𝒓

• Graph Structure Learning Step: with reparameterization: 𝐰 ∈
ℝ 𝒱 ⋅ 𝒱 −1 ⋅|ℛ|/2, 𝒆𝑟 ∘ 𝒙𝑢 − 𝒙𝑣 ⟶ 𝐳 , we get
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𝐰

∥ 𝐰 ∘ 𝐳 ∥𝐹
2 + ℐ 𝐰 > 0 − 𝛼𝟏⊤log( ෍
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     which we adapt PDS and ADMM to optimize.

• Relation Embedding Update Step:
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    which is an analytical solution to the sub optimization problem.

• A graph 𝒢 = {𝒱, ℰ} has nodes 𝑣 ∈ 𝒱 and edges 𝑒 ∈ ℰ. Node 

features 𝑿 ∈ ℝ 𝒱 ×𝐾  . The graph adjacency matrix 𝑾 ∈ ℝ 𝒱 × 𝒱  . 

• Hidden Markov Networks: With the graphical model (figure 

1a),when there is a latent variable 𝒀, we have the PDF:

𝑝 𝐖, 𝑿, 𝒀 = 𝑝 𝑿 ∣ 𝒀 𝑝 𝒀 𝑾 𝑝(𝑾)

𝑝 𝒀 𝑾 = ς𝒗 𝜓1 𝑣 ς{𝑢,𝑣}∈ℰ 𝜓2(𝑢, 𝑣) (node-wise potential 𝜓1 𝑣  and 

edge-wise potential 𝜓2(𝑢, 𝑣) ) and  𝑝 𝑿 ∣ 𝒀 = 𝒩 𝑽𝒚𝑣 , 𝚺𝒙

So we get, 𝑝 𝐖, 𝑿 = 𝑝 𝑿 ∣ 𝐖 𝑝 𝐖 = ∫  𝑝 𝐖, 𝑿, 𝒀 𝒅𝒀
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• Graphs can represent complex data in network systems. 

• However, a meaningful graph is not always readily available from the 
data. Learning the underlying graph from observed data is important in 
graph machine learning (GML) and Graph Signal Processing (GSP).
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Heterogeneous Graph Structure Learning (HGSL)

• Heterogeneous Graphs (HGs): the graphs with multiple node types and 
edge types. Each node 𝑣 has type 𝜙(𝑣) and edge 𝑒 has type 𝑟 = 𝜙(𝑒). The 
graph structure is represented by tensor 𝐖 ∈ ℝ 𝒱 × 𝒱 × ℛ  . 

They widely exist in recommendation systems, social networks, academic 
networks, etc.

• Hidden Markov Networks for HGs (H2MN) (Figure 1b)

• The node-potential incorporates the impact of type 𝜙(𝑣):  𝑝 𝑿 ∣ 𝒀 =
𝒩 𝑽𝜙(𝑣)𝒚𝑣 , 𝚺𝒙 .

• For edge types, the edge-wise potential: 𝜓𝑟 𝑢, 𝑣 =  exp(𝑤𝑢𝑣𝑟𝒚𝑢
𝑻𝑩𝒓𝒚𝒗) 

By marginalizing out the latent variable 𝒀, we obtain

𝑝 𝑿 𝐖, {𝑩𝒓} = ෑ

𝒗

𝜓1 𝑣 ෑ

{𝑢,𝑣.𝑟}∈ℰ

𝜓2(𝑢, 𝑣)

With 𝜓1 𝑣 = exp(− 𝜈 + 𝑑𝑣 𝑼𝜙 𝑣 𝒙𝑣
2

) modulate by node type;

and  𝜓𝑟 𝑢, 𝑣 = exp(𝑤𝑢𝑣𝑟 𝒙𝑢𝑼𝜙 𝑢
⊤ 𝑩𝒓 𝑼𝜙 𝑣 𝒙𝑣

2
) modulated by relation type.

• HGSL Problem Formulation: 

Given nodes 𝑣 ∈ 𝒱 with type 𝜙(𝑣) and features 𝑿 ∈ ℝ 𝒱 ×𝐾  , together with a 
relation type set ℛ , learn a weighted and undirected graph represented by 
tensor 𝐖 ∈ ℝ 𝒱 × 𝒱 × ℛ  that encodes the weights and edge types. 

• HGSL formulation through H2MN:

Maximum a-posterior estimation:

𝐖∗, {𝑩𝒓
∗} = argmax𝐖,{𝑩𝒓} 𝑝 𝐖, {𝑩𝒓} ∣ 𝑿

= argmax𝐖,{𝑩𝒓} log 𝑝 𝑿 ∣ 𝐖, {𝑩𝒓} + log 𝑝 𝐖 + log 𝑝 {𝑩𝒓}

However, the problem is not jointly convex in 𝐖, {𝑩𝒓}.
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