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Equivalences of DCA with other first-order methods

m DCA is also known as the convex-concave procedure (CCCP) (Yuille and
Rangarajan 2001; Lanckriet and Sriperumbudur 2009; Lipp and Boyd 2016)

= DCA is an instance of the Frank-Wolfe algorithm (Yurtsever and Sra 2022)

= Proximal gradient descent (PGD) is an instance of DCA (Le Thi and Pham Dinh
2018)



Outline

m Convergence rates for the difference-of-convex algorithm (DCA):

» any choice of curvatures

» second function may be nonconvex or concave
» two different performance measures

» exact analysis of a single iteration

= Improved “DC” splitting via curvature shifting

» Tight convergence rates for proximal gradient descent (PGD)



Motivation

= PGD iterations are equivalent to DCA ones
= No previous tight rates for PGD for nonconvex objectives with stepsizes

> Lipschitz ct.
m Stepsizes longer than the inverse Lipschitz constant correspond to fa
weakly-convex

1

m Standard DCA analysis only covers stepsizes < Tipschita o,

= Complicated derivations of previous tight rates for (standard) DCA



Setup

minimize F(z) := f1(z) — fa(x)
z€RY

s Function class: f € F, 1,
» Upper curvature L: %Hac”2 — f(x) is convex;

> Lower curvature p: f(x) — 4|z is convex;

> When f € C2, ul < V2f(z) < LI, i.e., “curvature” € [u, L];

= Assumptions:

> L1 >0, p1 €0,L1): {convex, strongly convex};

» o € (—00,00), La € (u2,00]: {weakly-convex, (strongly) convex; concave

(L2 <0) };
> [, =infy F(x) > —oo;

m N iterations of DCA, k=0,...,N —1:

1. Select g5 € 8f2(z*)

2. Select zF+! € argmin{f1(w) — (g5, w)}
wERY

(DCA)



Smooth weakly-convex functions - example
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(a) f(z) weakly-convex (b) f(z) — u% convex (u < 0)

» Intuition: can be lifted up to a convex function.
2
= Quadratic upper bounds of curvature L: z +— L% — f(x) is convex

2
= Quadratic lower bounds of curvature u: = — f(z) — p%- is convex



Proximal gradient descent (PGD)

Splitting F(z) := ¢(x) + h(z)
> ¢ € Fy, L, smooth (Lipschitz gradient)
> h&Fu,,L,

m With stepsize v > 0:

[+ € prox, e~ 19(@)]]

= Proximal mapping: prox,; : R" = domh with v > 0 where h: R" — R:

1
prox., (z) = argmln{h + —Jjw — z||2}
wER™ 2y

» Optimality condition:

_ ot
T7T e Ve(z) + Oh(zt)




DCA and PGD are iterate equivalent (e s and pham pinh 2015)

= PGD with stepsize v applied on F' = ¢ + h <=

s DCA on F = f1 — f2 with f1 =h + %H |I? and fo = %H 2=
DCA > PGD
FeFu-LyLi—uz & FE€Fu iy Lo+Ly

1 A Y+ pn

Ly And YL+ Ly

H2 Ag v - L,

Lo o I

1+ pz >0 <—> S s
p2 >0 o ic



Particular cases of PGD

= PGD iteration zt € prox.; [t — vV ()]

Projected GD N N
Gradient descent ) ‘Prox1ma1 point (PPA)
h = 0¢ indicator function

h=0 of a convex set @ =0
DCA PGD DCA o PGD DCA PGD
Zl < W: o o 41 moo 7*1 + pn
1 < 73 . L, 5 - Ly oy +1Lh
Z : :71 : u: T T Zz : :,:1
Lo R el ? !

» Complete analysis of gradient descent in Rotaru, Glineur, Patrinos 2024

= DCA analysis only requires 4 parameters vs. PGD (4 curvature parameters +
stepsize)



Theoretical background

= Subdifferential of proper, lower semicontinuous (1.s.c.) functions

»  conver functions:
of(z) ={g €R!| f(y) > f(z) + (g,y — z) Vy € R}
> weakly-convex functions: f € Fp oo, 4 <0

F(@) = f(@) - 22 convex = 9f(2) = {3+ p |§ € ()}
> If f is differentiable at x: 9f(z) = {Vf(x)}

= Range and Domains definitions
> dom f = {z € R%: f(z) < oo}
range f = {y € R: 3z € dom f with y = f(z)}
domdf = {x € R? : Of (x) # 0}
range 0f = U{0f(x): x € domdf}

vyvyy

m Convex conjugate of a l.s.c. function f is closed & convex:

fry):== sup f{<y7 z) — f()}

xe€dom



Assumptions on DCA

1. Select g5 € dfa(a®)
2. Select z*11 € argmin{f1(w) — (g%, w)} (DCA)
weRD
= DCA iteration rewrites: | 2*+! € 8f; (8 f2(a*))
= Well-definedness: @ # domdf; C dom df2 and range dfs C rangedfi.
= Optimality conditions: (3) giﬁ'l € df1(x**1) such that gf*’l = gk, with

gk € 0fa(x*), Yk =0,...,N — 1.

s Exact oracles of 0f1 and 0f;.



Example of DCA iterations
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n black stars: DCA iterates z*

= magenta pentagrams: inflection points of fi



Criticality and stationarity

’ DCA finds critical points! ‘

s Critical points z*: 9fa(z*) NAfi(z*) #0

m Also Stationary points?
> / f1 smooth! & f2 smooth: VF(z*) = Vfi(z*) — Vfa2(z*) =0
> / f1 nonsmooth? & fo smooth: 0 € OF (z*) = 9f1(z*) — V fa(z*)
(Rockafellar and Wets 1998)
»> X f1 smooth & f2 nonsmooth: OF (z*) C V fi(x*) — 9f2(z*) (ibid.)
» X f1 nonsmooth & f2 nonsmooth: necessary 0fa(z*) C 0f1(z*)
(Hiriart-Urruty 1989)

® In our analysis:

1. both f; and f2 smooth
2. case with only one of f; and f2 smooth obtained to the limit

If both f1 and f2 nonsmooth — different performance measure with O(%) rate
(not in this talk)

1 Smooth in the sense of functions with Lipschitz gradient: f € F,  with L < oco.

2L1:oo



Convergence measures

m best residual gradient norm vs. initial objective accuracy

F(Z‘o — F

S e R (e )

O<k<N

> gf € 9fi(z¥), g5 € Ofa(a")
> PGD terms: gf — g5 = V() + gF, where gF € oh(zF)



Convergence measures

m best residual gradient norm vs. initial objective accuracy

F(Z‘o — F

S e R (e )

O<k<N

> gf € 9fi(z¥), g5 € Ofa(a")
> PGD terms: gf — g5 = V() + gF, where gF € oh(zF)

m best gradient mapping norm vs. initial objective accuracy

F(xo) — F
1 min {”xkfmkﬂnz}g#
0<k<N TN (L1, 11, Lo, p2)

> (prox-)gradient mapping norm, where gﬁ+1 € Oh(zFt1):

[y~ (z* — prox.,,[z% — 7 V()] )| = [Ve(®) + g5 |

zk+1

> PGD terms: 'y*l(a;k - xk+l) = Ve(zF) + 9§+1
> DCA terms: measure ||u1(z® — z* )| (= ||(yF + pp)(@® — zFT1)||)
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Literature review of convergence rates

Measure Curvatures References Tight rates
Dinh and Thi 1997 X
pi,p2 >0, p1+p2 >0
A . . .
™~N Hadi Abbaszadehpeivasti et al. 2023 v
> .
#r 20,L1 >0z, Ly €R this talk Rotaru, Patrinos, et al. 2025 v
1+ p2 >0
v M1, (12 Z 0 Hadi Abbaszadehpeivasti et al. 2023 v
r
N
>0,L 0; L R .
H1 2 0,L > Oz, Lo € this talk Rotaru, Patrinos, et al. 2025 v
u1+p2 >0o0r pp =p2 =0

= best gradient mapping norm 75 (L1, u1, L2, p12) =

= best residual gradient norm TE(LL w1, Lo, po) =

F(z0)—Fo

min 0.5||xk —zk+1]2
oy {051 B

F(z0)—Fo
min 0.5]| gk —gk |2
ogng{ Hgl 9o [I }




Sufficient condition for convergence

m Descent result (Dinh and Thi 1997, Proposition 2)

F(a*) = Fo > F(a*) = F("*1) > (p1 + p2) 3 ll2* — 2*+1? (1)

m Decrease after each iteration if pu3 + pu2 >0

= Strict decrease if u1 4 p2 > 0 (unless z*+1 = zF)



Sufficient condition for convergence

Descent result (Dinh and Thi 1997, Proposition 2)
P(z*) = Fio > F(a*) = (") > (11 + p2) 3la* — 21| 1)

m Decrease after each iteration if u3 + pu2 >0

m Strict decrease if 1 + p2 > 0 (unless z*+1 = x*)

= PGD terms: (y = % means pg = 0)
@

,u1+u2
F(z") = Fo > F(z") = F(«"*!) > 2 gl (@ — 22



Sufficient condition for convergence

F(z*) - Fo > F(z*) — F

Descent result (Dinh and Thi 1997, Proposition 2)

7F102F(1'

")

= P > (p1 + p2) 2" — 22

Decrease after each iteration if gy + pu2 >0

Strict decrease if 1 + po > 0 (unless zF+! = zF)

PGD terms: (y = ﬁ means gz = 0)

(@)

M1+H2 1||Il (z k_

1
2yt
(vt

Lso+#h1
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1eA
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— pp)(z® —

(1)

xk+1)”2



Sufficient condition for convergence

= Descent result (Dinh and Thi 1997, Proposition 2)

F(a*) = Fio > F(a*) = F(z"1) > (u + p2) § 1% — 2112 (1)

m Decrease after each iteration if py1 + pu2 >0

m Strict decrease if 1 + p2 > 0 (unless z*+1 = 2*)

= PGD terms: (y = % means pz = 0)
@

p1 A+ p2 +H2
F(z*) = Ko > F(a*) - F(a**1) (@ =2 h))?

| \/

l
T Lot iy,
(vt = un)?

02y 1 - L
= %%HV@(%’“H%(I’““W

— pn)(@® =)



Sufficient condition for convergence

m Descent result (Dinh and Thi 1997, Proposition 2)
F(a*) = Fo > F(a*) = F(@"*1) > (p1 + p2) g ll2* — 2*+1? (1)
m Decrease after each iteration if g1 + p2 >0

= Strict decrease if u1 4 pa > 0 (unless z*+1 = zF)

= PGD terms: (y = % means pg = 0)
@

V

1+ p2
F(a*) = Fo > F(a*) = F(a" ™) > == || (2" — ")) 12
1

2y —Lotpn 1
—— sl =) (=
(vt —pn)? 2

=0 2771 — L
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Rates for gradient residual norm 7y

\%

Theorem (One-step decrease)
Assume p1 > 0 and p2 € R such that p1 + p2 > 0 or pg = p2 = 0. Then:
()~ F@) > oidllgh — o117 + o7 gk tt — g2

® pi(L1,p1, Lo, p2) = 0i(L1, p1, Lo, p2) + o5 (L1, pa, Lo, p2)
m 6 distinct decrease lemmas

Theorem (DCA sublinear rates)

Assume p1 > 0 and p2 € R such that p1 + p2 >0 or p1 = p2 = 0.
After N iterations starting from x0:

. F(z0) — F(zV)
3 min {lgf — g5[*} < ——————
<k< pi(L1, p1, Lo, p2) N

If F is nonconcave (i.e., L1 > pa):

. F(z0) — Fy
1 min {lgf — g7} < G =1,

2 0<k<N pi(L1, p1, L2, p2) N + ﬁ_m

m ’TE includes 6 regimes p;, i = {1,...,6}



Domains of the 6 regimes (best gradient residual 7y )
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Standard DCA: f1, fo convex (1, 2 > 0)
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1 >0, —=2, — <3
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Domains of the 6 regimes (best gradient residual 7y )
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Tight regimes with fo weakly convex (ua < 0; ug + p2 > 0)
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Domains of the 6 regimes (best gradient residual 7y )

3 p5
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f2 weakly convex (u2 < 0; pu1 + p2 > 0) & F nonconvex-nonconcave
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Domains of the 6 regimes (best gradient residual 7y )
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Domains of the 6 regimes (best gradient residual 7y )

3

—IL,=
—Ly = po

-1 0 1 2 3
Ha/m

Domains for any F'




Domains of the 6 regimes (best gradient residual 7y )

3

—_—1y =

Ly
M1 >07 - :27
H1

—Ly = p»
—Ly=—py
0 1 2 5
pa/
All regimes with analytical proofs
2 <3
H1




Expressions of the regimes

+ 1 2 +1 .+ +12
B F(z) - F(@T) 2 0izllgr — g2l + o7 3llg7” — g7 |l
Regime o; af Description
1 Lo—m f1 convex
p1 Ly =0 f2 convex or nonconvex
1M F' nonconvex-nonconcave
—1 —1
P2 L—l(l + Ly — Ly ) -1 L1 —p2 f1, fa convex
1 H;l _ L;l 1 Ly — 1o F nonconvex-nonconcave
—17,—1 -1 -1 strongly convex
Ly a4y +Ly ) 1 f gy
p3 — — — =1 17 f2 nonconvex
HyFpy Ly =Ly 2+ p2 F' nonconvex-nonconcave
Lot f1 strongly convex
P4 0 2 2‘“ f2 convex or nonconvex
L3 F (strongly) convex
i+ Jf1 strongly convex
5 0 % f2 nonconvex & F' nonconvex-nonconcave
] or fa concave & F (strongly) convex
L f1 convex
D6 % 0 f2 strongly convex
1 F concave

w If 1 = p2 = 0: F(z) — F(ab) > 577 llg1 — 0201* + g5 llgf — 95|17



Tightness of the regimes

= Sublinear rates for p1, p2, p3 are tight for any N
= Sublinear rates for p4, ps, pe are non-tight for N > 2

m Apart from a subdomain of ps we can prove linear rates



Tightness of the regimes

= Sublinear rates for p1, p2, p3 are tight for any N
= Sublinear rates for p4, ps, pe are non-tight for N > 2
m Apart from a subdomain of ps we can prove linear rates

m We have conjectured tight rates covering whole space (more difficult proofs)



Conjectured rates

) 71+z_2 R
s E(z) = z?ilzﬂ = { 71275 , Z ez _>(i,¢1 . Bo(z) = 0.

Conjecture (F' nonconvex-nonconcave)

Let s <0 < py < La, p1 +p2 >0, uy ' +py ' + Lyt <0 and N > 2. Then
F(2%) — F(z)

mln{P L2 B2y EN(%)},

17 p1

1 —
T 0<k<N{|I91 g51%} <

N
where® Py (n,p) = CEREEE [N 4 C=pO=0 33 (5 () — B (o)l |

Conjecture (F (strongly) convex)
Let p1 >0, p2 S0, py + pp >0, Ly € (0,p1a], N > 1. Then

F(z0) — F(zV)
mln{EN(— (”2)}

1 : E k)2
2 o 2in, {llor — 021} <

[z]4 == max{0,z}



Nonsmooth case

m Assume either L1 = oo or Lo = 0o
s F(z) = F(a®) > oigllor — g2l + o 1977 — 95 |I?, pi = 0i + o
= p1 = p4 and p2 = pe

Regime o o Domain

S

Lo+ p1 Ly =00>La>pu1 >0

0 - H

e L3 | p2(prt +uyt + L) 20

Ly + po 0 Ly=oco>Li >pu2>0

pao L3 p(pyt +ugt+ L) >0
—1, -1, —1

P3 Ly (py Hmgy ) 0 Ly = oo i1 > —pa >0

1, —1_ ;-1
wy tpg =Ly

0 M1+ p2 L1 = o005 p1 > —p2 >0
bo 13 0<py'+pyt+L3"
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Rates for gradient mapping norm

Theorem (DCA sublinear rates)

Assume p1 > 0 and pg € R such that p1 + p2 > 0 or p1 = p2 = 0.
After N + 1 > 2 iterations starting from x0:

A
TN

0 N+1
1 min {Hl" k+1H2} < F((E )7F(£E i ) )
2 0<k<N = 1+ pe +pi(La, pa, Lo, p2) N
m T]% includes 6 regimes p;, 1 = {1,...,6}
Regime Domain Description
(1 —p2)? ) f1, fa convex
P1=patpe L2 K2 P12 p2 20 L2 >m F n.c.-n.ccv.
= M f1, f2 convex
P2 =t p2t Ly—p 2 2 20 L1 > po F n.c.-n.ccv.
_ (paitpo)(Latpr) —Lopy f1 s.c., fa n.c.
p3 = Lo+pz K2 € [L2+u1 :0) Ly 2pa>0 F n.c.-n.ccv.
2
_ pi(Latp) w f1 s.c., fa n.c.
P4 = lLig Mz € [inui L2) | Lz €0, pu] F ct,)nvex
2
_ Ki(mitpe) 1 f1s.c., fa n.c.
ps = 2 n2 <0, p2 € ( K1, Lz+m] F n.cev.
2 S
_ pa(Litpa) > > f1 convex, fa s.c.
Pe =" p2 > p1 >0 Ly € (0, p2] F cov.
(s.c.: strongly convex; n.c.: nonconvex; ccv.: concave; n.cCv.: NONCONCAVe)



Domains of the 6 regimes (best gradient mapping 7']%)

3 p2

2.5+
21

1.5F

1 1 p]_

0.5F
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Standard DCA: f1, fo convex (1, 2 > 0)

Ly _ o9 Lo
p>0 L= L2 <3



Domains of the 6 regimes (best gradient mapping 7y

3

2.5 F

2+

1.5+

Lo/

0.5+

1k

—H1p2
ptpe |

2

1

B2/

A

p3

p2

pl

Tight regimes with fo weakly convex (ua < 0; ug + p2 > 0)

p1 >0 L =92 L2 <3

K1

)



Domains of the 6 regimes (best gradient mapping

3

2.5
2
1.5
<
~
0.5}
0F J
Lo = —H1p2
0.5 2 pitpe |
—Ly = po
-1 L s I
-1 0 1 2
H2/

p5

p4

p3

A
TN

)

f2 weakly convex (u2 < 0; puy + p2 > 0) & F nonconvex-nonconcave

Ly _ o9 Lo
p>0 L= L2 <3



Domains of the 6 regimes (best gradient mapping 7']%)

3

All regimes for F' (strongly) convex

Ly _ o9 Lo
p>0, k= L2 <3



Domains of the 6 regimes (best gradient mapping 7']%)

3

—H1p2
ptpe | |
_L2 = 2

-

-1 0 1 2 3
Ha/pa
Domains for any F'

Ly _ o9 Lo
p>0, k= L2 <3



Domains of the 6 regimes (best gradient mapping 7']%)

3

— Ly =
—Ly = p»
—Ly=—pn

-1 6 i 2 3
B2/
All regimes with analytical proofs

Ly _ o9 Lo
p>0, k= L2 <3



Toland duality

» Standard DCA pq > 0, p2 > 0 (regimes p1, p2): sublinear rates for gradient
mapping are obtained from sublinear rates for gradient residual

= By Toland duality (Toland 1979):
min f1(z) — fa(z) = min f5 () — fi'(2)

m Result exploited by Hadi Abbaszadehpeivasti et al. 2023
= We have zF+1 € 9f;(g%) and z* € 93 (g¥)

= ff EFLflqul and f3 Engl,Mgl

= Rates on gradient mapping obtained by making the substitutions:
p o Ly, Lo pyt, po < LTY, Lo < py!



Nonsmooth case (gradient mapping)

= f1 nonsmooth: L; = oo (criticality = stationarity!)
Regime Domain Description
n ot B | mzmze | mom | i
P2 = p1 + pi2 +% B2 2> >0 fr2 < 00 J;nficr?gix
po= iRt | e (g0 | Lzm>o | B0 B
i po 3 1) | Laclo) | Fpo Rne
ps = u?(u}ig—uz) p2 <0, iz € (—pa, ZzL‘iZH fi ;cn,gsvnc

(S.C.I strongly convex; n.c.: nonconvex; CCv.: concave; n.ccv.: nonconcave)



Nonsmooth case (gradient mapping)

= f2 nonsmooth: Ly = oo (criticality ¢ stationarity!)

Regime Domain

Description

p1:u1+uz+% p > p2 >0 | <o

f1, f2 convex
F n.c.-n.cev.

f1, f2 convex
F n.c.-n.cev.

RY

p2=u1+uz+% 2 >p1 >0 L1 > p2
2
L

pe = Lallituz) po = p1 20 | Ly € (0, o]

1

f1 convex, fa s.c.
F cev.

(s.c.: strongly convex; n.c.: nonconvex; ccv.: Concave; n.cCv.: NONCONCave)



Conjectured rates

. 14z R
m Ey(z) = Z?il 27 = 127: ’ >i’¢1 ; Bo(z) = 0.
, z=

Conjecture (F HOHCOHVGX—HOHCOHC&VG)
Let po2 <0< p1 < Lo, and N +1 > 2. Then
F(:UO) ( N+1)

lp1(® —a*+h))12} < ;
¢ J 1—i—”2—i-m1n{PN(L2 “2) E‘N(ﬁ)}

2“1 O<k<N

N
wheret Py (1, p) = (1+Z)_éi+p) [N s (1—2)_(;1)—;3) k2=:0 [En(n) — EN(P)]+]

Conjecture (F' (strongly) convex)

Let p1 > 0, ;@;0, w1+ p2 >0, Ly € (0,pu1], N+1>2. Then

F(a®) - FzN+1)
1+ 42 4+ min {En(£2), Bn(£2)}

k142
2y o min {lln (e =" )12} <

[z]4 == max{0,z}
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Curvature shifting techniques

» Invariance of objective F' to curvature shifting (where A < 1)

= (n-aEE) - (a5

7 3

»m Adjusted curvatures:

> ud=p— A

> L} =1Li— A
| 4 u%‘:u2—)\
> Ly=1Ly— A

s Define p* = p(L%7 ,ui\, Lé\, ,u%‘) be the corresponding denominator of the 6
regimes

s We compute \* = argmax p
A€E(—oo,pu1]

= Assume Of; can be computed efficiently

= We focus on the measure of the best gradient residual



Example 1: Smooth DCA vs. Gradient Descent (GD)

m Assume F' € F, 1 is smooth

= GD iteration: z+ =z — yVF(z), where v € (0, %)

» Compare the denominators after one iteration:

Jom , B2} < FE-FGt)
s min{[|[VF(@)|]?, [VF(1)[*} < PDCA/GD



Example 1.1: F' smooth-nonconvex

= Assume initial splitting F' = f; — fo with u; = 1.5, L1 =2, uo =1, Ly = 2.5

m = regime | p2 = 0.9167

m Wehave up =p1 —Lo=—1land Lp =L —pu2 =1

2

1 3 31 . L —
= Optimal constant stepsize for GD: v* = T

(Hadi Abbaszadehpeivasti et al.

2022)

= GD rate: | pgp = 1.5396 |; 67% better than po

m Best DCA splitting obtained with A* = 1.0091: fl)‘* € F0.4009,0.9009 and
fgv € F_0.0991,1.4009

= Best in the area of regime p3: ngA = 1.724 | 12% larger than pgp



Example 1.2: F' smooth-convex

= Assume initial splitting F' = f; — fo with u; =1, L1 =2, uo =10., Lo =1
® = regime
m Wehave up = p1 — Lo =0and Lp = L1 —pu2 =1.9

m Optimal constant stepsize for GD after one iteration: v* = ﬁ (Rotaru et al.
2024)

» GD rate: | pgp = 0.831

= Best DCA splitting obtained with \* = 0.4: ff‘* € Fo.6,1.6 and
2 € F o306

m Best in the area of regime ps: ngA = 3.3333



Example 2: Best DCA splitting on F' smooth-nonconvex

m Assume pp = p3 — Lo = —0.5 and Ly = L1 — p2 = 1. What is the best

splitting?
3 p5
2.5 p4
2 p3
5
1.5 p2
1 pl
0.5

-1.5




Improvements on DCA rates

» max{pi,p2} < min{Lq, Lo}

= Relative improvement: Ratio =

P(0)

PO)—
P(

0)
» pO: initial denominator before splitting
> p*": optimal (largest) denominator obtained through curvature shifting

Setup 1 Ly 2 Lo p° A* pA” Ratio
0.2 3 0.1 4 p2 = 0.4535 0.1221 p3 = 0.6031 33%
H1 > p2 0.2 1000 0.1 3 p1 = 0.3255 0.1494 p1 = p3 = 0.358 10%
1 2 0.5 1.5  p; =0.7600 0.6733 p3 = 2.0321 167%
= 2 1 4 1 3 p1=04583 | =1 p =p>=08333 81%
0.1 3 02 4  pr=04539 | @ =0.1 pa = 0.602 32%
< p2
0.001 4 0.002 3 p1 = 04531 | pp =0.001 p1 = 0.5835 28%
2 4 —1.75 3 ps = 0.4688 —0.4855 p3 = 0.52 11%
1> 05 p1 +p2 >0
2.99 4 —-2.9 3 ps = 0.4994 —0.935 ps = 0.5076 1.6%
>0 Fpa <0 | 1 2 15 15 —0.6526 p3 = 0.8516




Numerical experiments: SPCA

Sparse Principal Component Analysis (SPCA) (DC formulations in Journée
et al. 2010 and Themelis et al. 2020) with elastic-net regularization

201
minimize F(z) = k||z||1 +7]”$H — 275z
z€B(0,1) 2 2

B(0,1) := {z|||z||]2 < 1}: closed Euclidean unit ball

s ¥ = AT A: sample covariance matrix

> A€ R?7"X™ (n =200): sparse random matrix (normal distribution),
normalized by maximum eigenvalue

K, 1: l1-(sparsity inducing) and l2-regularization parameters

2
|Ed]

Ji(@) = klzlli + n75- + 05(0,1)(®); thus: p1 =n, L1 = o0

fa(x) = %xTEJ:, with dc(x) as the indicator function of a set C
» thus: g2 = min{A(X)} and Ly = max{A(X)} (extreme eigenvalues of X)
> we use a sample of 3 such that: fo € F,,-0.3882,L,=1

= M = 1000 random initial points € B(0, 1)



Numerical experiments: SPCA

m Testing curvature shifting policy
2
> ff\:fl_)\HQH 6]:177)\,00
Oz
> =M € Fuaaa

# A€ {0, £0%, £0.50%, Amax }

» \* is the optimal curvature shift

> Amax = %‘M maximum shift guaranteeing convergence



Case 1: 1 > o

w0 =p1 =05, k=002 A* = 0.4413, Amax = 0.4441
m if A > po =0.3882 = f2)‘ weakly convex

m better convergence by subtracting curvature

10°

= =wc rate: A =0
— =wc rate: \* = 0.4413

1070

vllgt = VEAEIP}

——\par = 0.4441

ming<j<
=
S
%
T

10710

10-12 I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000

Iteration N



Case 2: 1 < o

mn=p =02, k=0.02 A* = Amax = p1 = 0.02
® ~ 20% improvement vs. initial splitting
10°
1072 E
I el
=~ 10
i@_/ — =wc rate: A =0
« — =wc rate: \* =0.2
> ——X=0
_J_‘ 10°6 ——A\" =02 <
=)
= ——\ = —0.1
z ——)\=-0.2
Yi A=0.1
g 10°
g
10 10
1012 L L I I L I

0 100 200 300 400 500 600 700 800 900 1000
Iteration N



Summary on curvature shifting

m If pu1 < po: best rates obtained by making fl)‘ convex

m If 1 > po: best rates obtained for some p2 < 0 (not covered by standard
DCA!)

m PGD analogy: larger the stepsizes, better the performance



Curvature shifting in gradient mapping criterion

m General rates type:

o llah = ek F(a®) - PN+

OsksN 2 (w1 +p2) +| Py(Ly,pa, Lo, po)

= No scaling of the iteration differences!
= Natural scaling through py (essentially, pu3 = v~ 1)

m Therefore, we must optimize in A the denominator of:

Aok _ o k+1\(2 0y _ N+1
7 ) | Fa®) — PN+

<k< -
0<k<N 2 pdtp

(1)

o>

)
+ (;1?) Py (LY, 13, L3, 1)

o
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Convergence rates for proximal gradient descent (PGD)



Literature review

m For ¢ strongly convex and different performance metrics: A. B. Taylor et al. 2018

m Let p=1—~vL,

Initialization [l2° — 22 F (2°) - Fio [Ve (=) +921*

| —au|® < 2V [a® — w20V (F () = Fio) oY Ve (o) + b1

F (@) = Fo < X PN (F (%) = Fio) g0V ||V (+°) + gp*

Hch )+ g5 H X this work ‘ p2N HV<p (IO) + gg“2

n For % nonconvex, with Hep = _Lgp H. Abbaszadehpeivasti 2024

m General remark: We recover the same rates from the unconstrained case!
(Thus the conjectures before...)



Getting PGD rates

= Obtained from DCA analysis by just replacing curvatures

DCA > PGD
FeFuryri—p < FE€ ]:meruh,LerL,L
B Y+ pn
L1 > ~~ Y4+ Ly
M2 And vt — Ly
Loy © = e
2
p1+p2 >0 <~ ’Y<L9¢_Hh
p2 >0 - v< &
7}

= Standard PGD setting: h is convex nonsmooth, hence up = 0, Ly, = oo, thus
1 =~"1>0and L1 =



Getting PGD rates

» Obtained from DCA analysis by just replacing curvatures

=» Standard PGD setting: h is convex nonsmooth, hence up = 0, L = oo, thus
w1 =v"'>0and L1 =0
® Regimes in gradient residual metric:
Convexity of ¢ Stepsize v p2 ="t — Ly, Lo=~"1—pe Regime
ve(0,£) p2 >0
nonconvex 1¢ Lo>u p1
tg < 0 = I p2 =0 2 M1
vE (2o 20) p2 <0 p1or ps
e (0 L 2 >0
convex " ( ’ ILV’) s L P1 =Dp4
o =0 7=z, pn2 =0 2=Mm
ve(o &) pz <0 Ps
ve(0,2:) p2 >0 e
strongly convex N = L1 po = |p2| < Lo < 1
He >0 R
vel(oo o) p2 <0 P4 OF p5

Ly < —p2 <1

23




Gradient residual regimes

<1 strongly convex ¢
Bl =y, = =1 convex ¢
>1 weakly-convex ¢
€ (-1,0) long stepsizes v > L;l
ml—~vL,= { €[0,1)  short stepsizes 0 < v < L;l (here L1 = 2)
>1 negative stepsizes v < L;l

3 p6

2.5
p5

p4
p3

p2

pl

pa/pm =1—7L,



Gradient mapping regimes

<1 strongly convex ¢
Bl =y, = =1 convex ¢
>1 weakly-convex ¢
€ (-1,0) long stepsizes v > L;l
ml—~vL,= { €[0,1)  short stepsizes 0 < v < L;l (here L1 = 2)
>1 negative stepsizes v < L;l

3 p6
2.5 5
p
2
s p4
|
ot p3
= 05
5 p2
0
pl

pa/pm =1—7L,
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Proofs and performance estimation problem (PEP)



Proof technique
» Combine inequalities on consecutive iterations.

Interpolation conditions (a. Tayior et a1. 2017)

A set of triplets T = {(ﬂ, g, fi) }ieI is F,,,p-interpolable (—oco < p < L > 0), i.e.,
there exists f € F,, r, such that f(z%) = f?, g* € 9f(z?), if and only if Vi, j:

F=f = (g2t —ad) 2 Blst - o) + o ¢ — (' =2 (@)

2(L —p)

» Key observation: Any tight proof is a linear combination of interpolation
inequalities.



Proof technique
» Combine inequalities on consecutive iterations.

Interpolation conditions (a. Tayior et a1. 2017)

A set of triplets T = {(ﬂ, g, fi) }ieI is F,,,p-interpolable (—oco < p < L > 0), i.e.,
there exists f € F,, r, such that f(z%) = f?, g* € 9f(z?), if and only if Vi, j:

F=f = (g2t —ad) 2 Blst - o) + o ¢ — (' =2 (@)

2(L —p)

» Key observation: Any tight proof is a linear combination of interpolation
inequalities.

= Target inequality: Consider nonnegative weights al®J] gli:il;
N
> ol 4 pNQET F(a) — FN) 2 § Y aillel ~ g4IP (@)

0<i,j <N i=0



Proof technique

Lemma

Let f1 € Fuy,0, and fa € Fpy 1o, with Ly > p2 and L1 > py > 0. Consider one
DCA iteration connecting z* and z*+1. Let Az* = 2% — 2*+1 g1 € 9f1(27),

g5 € Of2(x7) and G7 = g] — g3, where j = {k,k + 1}. Then:

k + k2 o MG —pp Ak | ||GF —py Ak 2 k
AF(z®) 2782 | Ak ||? + g B2O - 4 SRS (B¥)
k k kp2 , IGF —piazk|? k
(G%, Az®) > m||Az™|* + =F (C3)
k41 Ak k2 o NG —pp Ak k
(GFF1, Az®) > po||Aak|? 4+ ME——r2oe I (C4,)

m Lemma obtained by summing up interpolation inequalities and using the
k+1
property g1+ = gg.

= All distance-1 proofs correct inequality (B*) via weighted combination of
(le"l) and (C”JX2 )
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Conclusion



Summary

m Complete rates for DCA in terms of gradient residual and gradient mapping
= Curvature shifting improves DCA rates

m PGD rates obtained as byproduct
m AISTATS 2025 paper available on:



https://proceedings.mlr.press/v258/rotaru25a.html
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