
Tight convergence rates for the
difference-of-convex algorithm (DCA) and

proximal gradient descent (PGD)

Teodor Rotaru 1,2 François Glineur 2 Panos Patrinos 1

1ESAT-STADIUS, KU Leuven, Belgium

2ICTEAM-INMA, UCLouvain, Belgium

April 29, 2025

0/46



1/46

Equivalences of DCA with other first-order methods

DCA is also known as the convex-concave procedure (CCCP) (Yuille and

Rangarajan 2001; Lanckriet and Sriperumbudur 2009; Lipp and Boyd 2016)

DCA is an instance of the Frank-Wolfe algorithm (Yurtsever and Sra 2022)

Proximal gradient descent (PGD) is an instance of DCA (Le Thi and Pham Dinh

2018)
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Outline

Convergence rates for the difference-of-convex algorithm (DCA):
▶ any choice of curvatures
▶ second function may be nonconvex or concave
▶ two different performance measures
▶ exact analysis of a single iteration

Improved “DC” splitting via curvature shifting
Tight convergence rates for proximal gradient descent (PGD)
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Motivation

PGD iterations are equivalent to DCA ones
No previous tight rates for PGD for nonconvex objectives with stepsizes
> 1

Lipschitz ct.

Stepsizes longer than the inverse Lipschitz constant correspond to f2
weakly-convex
Standard DCA analysis only covers stepsizes ≤ 1

Lipschitz ct.

Complicated derivations of previous tight rates for (standard) DCA
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Setup

minimize
x∈Rd

F (x) := f1(x)− f2(x)

Function class: f ∈ Fµ,L

▶ Upper curvature L: L
2
∥x∥2 − f(x) is convex;

▶ Lower curvature µ: f(x)− µ
2
∥x∥2 is convex;

▶ When f ∈ C2, µI ⪯ ∇2f(x) ⪯ LI, i.e., “curvature” ∈ [µ,L];
Assumptions:
▶ L1 > 0, µ1 ∈ [0, L1): {convex, strongly convex};
▶ µ2 ∈ (−∞,∞), L2 ∈ (µ2,∞]: {weakly-convex, (strongly) convex; concave

(L2 < 0) };
▶ Flo = infx F (x) > −∞;

N iterations of DCA, k = 0, . . . , N − 1:

1. Select gk2 ∈ ∂f2(x
k)

2. Select xk+1 ∈ argmin
w∈Rd

{f1(w)− ⟨gk2 , w⟩} (DCA)
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Smooth weakly-convex functions - example
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Proximal gradient descent (PGD)

Splitting F (x) := φ(x) + h(x)
▶ φ ∈ Fµφ,Lφ smooth (Lipschitz gradient)
▶ h ∈ Fµh,Lh

With stepsize γ > 0:

x+ ∈ proxγh [x− γ∇φ(x)]

Proximal mapping: proxγh : Rn ⇒ domh with γ > 0 where h : Rn → R̄:

proxγh(x) := argmin
w∈Rn

{
h(w) +

1

2γ
∥w − x∥2

}

Optimality condition:

x− x+

γ
∈ ∇φ(x) + ∂h(x+)
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DCA and PGD are iterate equivalent (Le Thi and Pham Dinh 2018)

PGD with stepsize γ applied on F = φ+ h ⇐⇒
DCA on F = f1 − f2 with f1 := h+ 1

2γ
∥ · ∥2 and f2 := 1

2γ
∥ · ∥2 − φ.

DCA ↔ PGD

F ∈ Fµ1−L2,L1−µ2
↔ F ∈ Fµφ+µh,Lφ+Lh

µ1 ↔ γ−1 + µh

L1 ↔ γ−1 + Lh

µ2 ↔ γ−1 − Lφ

L2 ↔ γ−1 − µφ

µ1 + µ2 > 0 ↔ γ < 2
Lφ−µh

µ2 ≥ 0 ↔ γ ≤ 1
Lφ
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Particular cases of PGD

PGD iteration x+ ∈ proxγh [x− γ∇φ(x)]

Gradient descent
h = 0

DCA ↔ PGD

µ1 ↔ γ−1

L1 ↔ γ−1

µ2 ↔ γ−1 − Lφ

L2 ↔ γ−1 − µφ

Projected GD
h = δQ indicator function

of a convex set Q

DCA ↔ PGD

µ1 ↔ γ−1

L1 ↔ ∞

µ2 ↔ γ−1 − Lφ

L2 ↔ γ−1 − µφ

Proximal point (PPA)
φ = 0

DCA ↔ PGD

µ1 ↔ γ−1 + µh

L1 ↔ γ−1 + Lh

µ2 ↔ γ−1

L2 ↔ γ−1

Complete analysis of gradient descent in Rotaru, Glineur, Patrinos 2024

DCA analysis only requires 4 parameters vs. PGD (4 curvature parameters +
stepsize)
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Theoretical background

Subdifferential of proper, lower semicontinuous (l.s.c.) functions
▶ convex functions:

∂f(x) := {g ∈ Rd | f(y) ≥ f(x) + ⟨g, y − x⟩ ∀y ∈ Rd}

▶ weakly-convex functions: f ∈ Fµ,∞, µ < 0

f̃(x) := f(x)− µ
∥x∥2

2
convex ⇒ ∂f(x) := {g̃ + µx | g̃ ∈ ∂f̃(x)}

▶ If f is differentiable at x: ∂f(x) = {∇f(x)}

Range and Domains definitions
▶ dom f := {x ∈ Rd : f(x) < ∞}
▶ range f := {y ∈ R : ∃x ∈ dom f with y = f(x)}
▶ dom ∂f = {x ∈ Rd : ∂f(x) ̸= ∅}
▶ range ∂f = ∪ {∂f(x) : x ∈ dom ∂f}

Convex conjugate of a l.s.c. function f is closed & convex:

f∗(y) := sup
x∈dom f

{⟨y, x⟩ − f(x)}
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Assumptions on DCA

1. Select gk2 ∈ ∂f2(x
k)

2. Select xk+1 ∈ argmin
w∈Rd

{f1(w)− ⟨gk2 , w⟩} (DCA)

DCA iteration rewrites: xk+1 ∈ ∂f∗
1 (∂f2(x

k))

Well-definedness: ∅ ̸= dom ∂f1 ⊆ dom ∂f2 and range ∂f2 ⊆ range ∂f1.

Optimality conditions: (∃) gk+1
1 ∈ ∂f1(xk+1) such that gk+1

1 = gk2 , with
gk2 ∈ ∂f2(xk), ∀k = 0, . . . , N − 1.

Exact oracles of ∂f1 and ∂f∗
1 .
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Example of DCA iterations
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Criticality and stationarity

DCA finds critical points!

Critical points x⋆: ∂f2(x⋆) ∩ ∂f1(x⋆) ̸= ∅

Also Stationary points?
▶ ✓ f1 smooth1 & f2 smooth: ∇F (x⋆) = ∇f1(x⋆)−∇f2(x⋆) = 0

▶ ✓ f1 nonsmooth2 & f2 smooth: 0 ∈ ∂F (x⋆) = ∂f1(x⋆)−∇f2(x⋆)
(Rockafellar and Wets 1998)

▶ ✗ f1 smooth & f2 nonsmooth: ∂F (x⋆) ⊆ ∇f1(x⋆)− ∂f2(x⋆) (ibid.)
▶ ✗ f1 nonsmooth & f2 nonsmooth: necessary ∂f2(x⋆) ⊆ ∂f1(x⋆)

(Hiriart-Urruty 1989)
In our analysis:
1. both f1 and f2 smooth
2. case with only one of f1 and f2 smooth obtained to the limit

If both f1 and f2 nonsmooth – different performance measure with O( 1
N
) rate

(not in this talk)

1 Smooth in the sense of functions with Lipschitz gradient: f ∈ Fµ,L with L < ∞.
2 L1 = ∞
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Convergence measures
best residual gradient norm vs. initial objective accuracy

1
2

min
0≤k≤N

{
∥gk1 − gk2∥2

}
≤

F (x0)− Flo

τ∇N (L1, µ1, L2, µ2)

▶ gk1 ∈ ∂f1(xk), gk2 ∈ ∂f2(xk)

▶ PGD terms: gk1 − gk2 = ∇φ(xk) + gkh, where gkh ∈ ∂h(xk)

best gradient mapping norm vs. initial objective accuracy

1
2

min
0≤k≤N

{
∥xk − xk+1∥2

}
≤

F (x0)− Flo

τ∆N (L1, µ1, L2, µ2)

▶ (prox-)gradient mapping norm, where gk+1
h ∈ ∂h(xk+1):

∥γ−1
(
xk − proxγh[x

k − γ∇φ(x)]︸ ︷︷ ︸
xk+1

)
∥ = ∥∇φ(xk) + gk+1

h ∥

▶ PGD terms: γ−1
(
xk − xk+1

)
= ∇φ(xk) + gk+1

h

▶ DCA terms: measure ∥µ1(xk − xk+1)∥ ( = ∥(γ−1 + µh)(x
k − xk+1)∥)
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Literature review of convergence rates

Measure Curvatures References Tight rates

τ∆N

µ1, µ2 ≥ 0, µ1 + µ2 > 0
Dinh and Thi 1997 ✗

Hadi Abbaszadehpeivasti et al. 2023 ✓

µ1 ≥ 0, L1 > 0;µ2, L2 ∈ R
µ1 + µ2 > 0

this talk Rotaru, Patrinos, et al. 2025 ✓

τ∇N

µ1, µ2 ≥ 0 Hadi Abbaszadehpeivasti et al. 2023 ✓

µ1 ≥ 0, L1 > 0;µ2, L2 ∈ R
µ1 + µ2 > 0 or µ1 = µ2 = 0

this talk Rotaru, Patrinos, et al. 2025 ✓

best gradient mapping norm τ∆N (L1, µ1, L2, µ2) =
F (x0)−Flo

min
0≤k≤N

{0.5∥xk−xk+1∥2}

best residual gradient norm τ∇N (L1, µ1, L2, µ2) =
F (x0)−Flo

min
0≤k≤N

{0.5∥gk1−gk2 ∥2}
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Sufficient condition for convergence

Descent result (Dinh and Thi 1997, Proposition 2)

F (xk)− Flo ≥ F (xk)− F (xk+1) ≥ (µ1 + µ2)
1
2
∥xk − xk+1∥2 (1)

Decrease after each iteration if µ1 + µ2 ≥ 0

Strict decrease if µ1 + µ2 > 0 (unless xk+1 = xk)

PGD terms: (γ = 1
Lφ

means µ2 = 0)
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Rates for gradient residual norm τ∇N

Theorem (One-step decrease)
Assume µ1 ≥ 0 and µ2 ∈ R such that µ1 + µ2 > 0 or µ1 = µ2 = 0. Then:

F (xk)− F (xk+1) ≥ σi
1
2
∥gk1 − gk2∥2 + σ+

i
1
2
∥gk+1

1 − gk+1
2 ∥2

pi(L1, µ1, L2, µ2) = σi(L1, µ1, L2, µ2) + σ+
i (L1, µ1, L2, µ2)

6 distinct decrease lemmas

Theorem (DCA sublinear rates)
Assume µ1 ≥ 0 and µ2 ∈ R such that µ1 + µ2 > 0 or µ1 = µ2 = 0.
After N iterations starting from x0:

1
2

min
0≤k≤N

{∥gk1 − gk2∥2} ≤
F (x0)− F (xN )

pi(L1, µ1, L2, µ2)N

If F is nonconcave (i.e., L1 > µ2):

1
2

min
0≤k≤N

{∥gk1 − gk2∥2} ≤
F (x0)− Flo

pi(L1, µ1, L2, µ2)N + 1
L1−µ2

τ∇N includes 6 regimes pi, i = {1, . . . , 6}
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Domains of the 6 regimes (best gradient residual τ∇N )
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Expressions of the regimes

F (x)− F (x+) ≥ σi
1
2
∥g1 − g2∥2 + σ+

i
1
2
∥g+1 − g+2 ∥2

Regime σi σ+
i Description

p1 L−1
2

L2 − µ1

L1 − µ1
L−1
2

(
1 +

L−1
2 − L−1

1

µ−1
1 − L−1

1

) f1 convex
f2 convex or nonconvex
F nonconvex-nonconcave

p2 L−1
1

(
1 +

L−1
1 − L−1

2

µ−1
2 − L−1

2

)
L−1
1

L1 − µ2

L2 − µ2

f1, f2 convex
F nonconvex-nonconcave

p3
L−1
1

(
µ−1
1 + µ−1

2 + L−1
2

)
µ−1
1 + µ−1

2 + L−1
2 − L−1

1

1

L2 + µ2

f1 strongly convex
f2 nonconvex

F nonconvex-nonconcave

p4 0
L2 + µ1

L2
2

f1 strongly convex
f2 convex or nonconvex
F (strongly) convex

p5 0
µ1 + µ2

µ2
2

f1 strongly convex
f2 nonconvex & F nonconvex-nonconcave

or f2 concave & F (strongly) convex

p6
L1 + µ2

L2
1

0
f1 convex

f2 strongly convex
F concave

If µ1 = µ2 = 0: F (x)− F (x+) ≥ 1
2L1

∥g1 − g2∥2 + 1
2L2

∥g+1 − g+2 ∥2
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Tightness of the regimes

Sublinear rates for p1, p2, p3 are tight for any N

Sublinear rates for p4, p5, p6 are non-tight for N ≥ 2

Apart from a subdomain of p5 we can prove linear rates

We have conjectured tight rates covering whole space (more difficult proofs)
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Conjectured rates

Ek(z) :=
∑2k

j=1 z
−j =

{
−1+z−2k

1−z
, z ∈ R>0,̸=1

2k, z = 1
; E0(z) = 0.

Conjecture (F nonconvex-nonconcave)
Let µ2 < 0 < µ1 < L2, µ1 + µ2 > 0, µ−1

1 + µ−1
2 + L−1

2 < 0 and N ≥ 2. Then

1
2µ1

min
0≤k≤N

{
∥gk1 − gk2∥2

}
≤

F (x0)− F (xN )

min
{
PN

(L2
µ1

, µ2
µ1

)
, EN (µ2

µ1
)
} ,

where3 PN (η, ρ) :=
(1+η)(1+ρ)

η+ρ

[
N +

(1−η)(1−ρ)
η−ρ

N∑
k=0

[EN (η)− EN (ρ)]+

]

Conjecture (F (strongly) convex)
Let µ1 > 0, µ2 ⋚ 0, µ1 + µ2 > 0, L2 ∈ (0, µ1], N ≥ 1. Then

1
2µ1

min
0≤k≤N

{
∥gk1 − gk2∥2

}
≤

F (x0)− F (xN )

min
{
EN (L2

µ1
) , EN (µ2

µ1
)
}

3 [x]+ := max{0, x}
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Nonsmooth case

Assume either L1 = ∞ or L2 = ∞
F (x)− F (x+) ≥ σi

1
2
∥g1 − g2∥2 + σ+

i
1
2
∥g+1 − g+2 ∥2, pi = σi + σ+

i

p1 = p4 and p2 = p6

Regime σi σ+
i Domain

p1,4 0
L2 + µ1

L2
2

L1 = ∞ > L2 ≥ µ1 ≥ 0

µ2

(
µ−1
1 + µ−1

2 + L−1
2

)
≥ 0

p2,6
L1 + µ2

L2
1

0
L2 = ∞ > L1 ≥ µ2 ≥ 0

µ1

(
µ−1
1 + µ−1

2 + L−1
1

)
≥ 0

p3
L−1

1 (µ−1
1 +µ−1

2 )

µ−1
1 +µ−1

2 −L−1
1

0 L2 = ∞; µ1 > −µ2 > 0

p5 0
µ1 + µ2

µ2
2

L1 = ∞; µ1 > −µ2 > 0

0 < µ−1
1 + µ−1

2 + L−1
2
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Rates for gradient mapping norm τ∆N

Theorem (DCA sublinear rates)
Assume µ1 ≥ 0 and µ2 ∈ R such that µ1 + µ2 > 0 or µ1 = µ2 = 0.
After N + 1 ≥ 2 iterations starting from x0:

1
2

min
0≤k≤N

{∥xk − xk+1∥2} ≤
F (x0)− F (xN+1)

µ1 + µ2 + pi(L1, µ1, L2, µ2)N
.

τ∆N includes 6 regimes pi, i = {1, . . . , 6}

Regime Domain Description

p1 = µ1 + µ2 +
(µ1−µ2)

2

L2−µ2
µ1 ≥ µ2 ≥ 0 L2 > µ1

f1, f2 convex
F n.c.-n.ccv.

p2 = µ1 + µ2 +
(µ1−µ2)

2

L1−µ1
µ2 ≥ µ1 ≥ 0 L1 > µ2

f1, f2 convex
F n.c.-n.ccv.

p3 =
(µ1+µ2)(L2+µ1)

L2+µ2
µ2 ∈ [−L2µ1

L2+µ1
, 0) L2 ≥ µ1 > 0

f1 s.c., f2 n.c.
F n.c.-n.ccv.

p4 =
µ2
1(L2+µ1)

L2
2

µ2 ∈
[−L2µ1
L2+µ1

, L2

)
L2 ∈ [0, µ1]

f1 s.c., f2 n.c.
F convex

p5 =
µ2
1(µ1+µ2)

µ2
2

µ2 < 0, µ2 ∈
(
−µ1,

−L2µ1
L2+µ1

] f1 s.c., f2 n.c.
F n.ccv.

p6 =
µ2
2(L1+µ2)

L2
1

µ2 ≥ µ1 ≥ 0 L1 ∈ (0, µ2]
f1 convex, f2 s.c.

F ccv.

(s.c.: strongly convex; n.c.: nonconvex; ccv.: concave; n.ccv.: nonconcave)
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Domains of the 6 regimes (best gradient mapping τ∆N )
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Standard DCA: f1, f2 convex (µ1, µ2 ≥ 0)

µ1 > 0, L1
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= 2, L2
µ1

≤ 3.
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Domains of the 6 regimes (best gradient mapping τ∆N )
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Tight regimes with f2 weakly convex (µ2 ≤ 0; µ1 + µ2 > 0)

µ1 > 0, L1
µ1

= 2, L2
µ1

≤ 3.
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Domains of the 6 regimes (best gradient mapping τ∆N )

-1 0 1 2 3

72=71

-1

-0.5

0

0.5

1

1.5

2

2.5

3

L
2
=7

1

--

p1

p2

p3

p4

p5

L2 = !7172

71+72
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f2 weakly convex (µ2 ≤ 0; µ1 + µ2 > 0) & F nonconvex-nonconcave

µ1 > 0, L1
µ1

= 2, L2
µ1

≤ 3.
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Domains of the 6 regimes (best gradient mapping τ∆N )
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All regimes for F (strongly) convex

µ1 > 0, L1
µ1

= 2, L2
µ1

≤ 3.
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Domains of the 6 regimes (best gradient mapping τ∆N )
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p4

p5
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Domains for any F

µ1 > 0, L1
µ1

= 2, L2
µ1

≤ 3.
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Domains of the 6 regimes (best gradient mapping τ∆N )
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L2 = 72

L2 = !72

All regimes with analytical proofs

µ1 > 0, L1
µ1

= 2, L2
µ1

≤ 3.
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Toland duality

Standard DCA µ1 ≥ 0, µ2 ≥ 0 (regimes p1, p2): sublinear rates for gradient
mapping are obtained from sublinear rates for gradient residual

By Toland duality (Toland 1979):

min f1(x)− f2(x) = min f∗
2 (x)− f∗

1 (x)

Result exploited by Hadi Abbaszadehpeivasti et al. 2023

We have xk+1 ∈ ∂f∗
1 (g

k
2 ) and xk ∈ ∂f∗

2 (g
k
2 )

f∗
1 ∈ F

L−1
1 ,µ−1

1
and f∗

2 ∈ F
L−1

2 ,µ−1
2

Rates on gradient mapping obtained by making the substitutions:
µ1 ↔ L−1

2 , L1 ↔ µ−1
2 , µ2 ↔ L−1

1 , L2 ↔ µ−1
1
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Nonsmooth case (gradient mapping)

f1 nonsmooth: L1 = ∞ (criticality ⇒ stationarity!)

Regime Domain Description

p1 = µ1 + µ2 +
(µ1−µ2)

2

L2−µ2
µ1 ≥ µ2 ≥ 0 L2 > µ1

f1, f2 convex
F n.c.-n.ccv.

p2 = µ1 + µ2 +
����(µ1−µ2)

2

L1−µ1
µ2 ≥ µ1 ≥ 0 µ2 < ∞ f1, f2 convex

F n.c.-n.ccv.

p3 =
(µ1+µ2)(L2+µ1)

L2+µ2
µ2 ∈ [−L2µ1

L2+µ1
, 0) L2 ≥ µ1 > 0

f1 s.c., f2 n.c.
F n.c.-n.ccv.

p4 =
µ2
1(L2+µ1)

L2
2

µ2 ∈
[−L2µ1
L2+µ1

, L2

)
L2 ∈ [0, µ1]

f1 s.c., f2 n.c.
F convex

p5 =
µ2
1(µ1+µ2)

µ2
2

µ2 < 0, µ2 ∈
(
−µ1,

−L2µ1
L2+µ1

] f1 s.c., f2 n.c.
F n.ccv.

(s.c.: strongly convex; n.c.: nonconvex; ccv.: concave; n.ccv.: nonconcave)
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Nonsmooth case (gradient mapping)

f2 nonsmooth: L2 = ∞ (criticality��⇒ stationarity!)

Regime Domain Description

p1 = µ1 + µ2 +
��

��(µ1−µ2)
2

L2−µ2
µ1 ≥ µ2 ≥ 0 µ1 < ∞ f1, f2 convex

F n.c.-n.ccv.

p2 = µ1 + µ2 +
(µ1−µ2)

2

L1−µ1
µ2 ≥ µ1 ≥ 0 L1 > µ2

f1, f2 convex
F n.c.-n.ccv.

p6 =
µ2
2(L1+µ2)

L2
1

µ2 ≥ µ1 ≥ 0 L1 ∈ (0, µ2]
f1 convex, f2 s.c.

F ccv.

(s.c.: strongly convex; n.c.: nonconvex; ccv.: concave; n.ccv.: nonconcave)
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Conjectured rates

Ek(z) :=
∑2k

j=1 z
−j =

{
−1+z−2k

1−z
, z ∈ R>0,̸=1

2k, z = 1
; E0(z) = 0.

Conjecture (F nonconvex-nonconcave)
Let µ2 < 0 < µ1 < L2, and N + 1 ≥ 2. Then

1
2µ1

min
0≤k≤N

{
∥µ1(x

k − xk+1)∥2
}
≤

F (x0)− F (xN+1)

1 + µ2
µ1

+ min
{
PN

(L2
µ1

, µ2
µ1

)
, EN (µ2

µ1
)
} ,

where4 PN (η, ρ) :=
(1+η)(1+ρ)

η+ρ

[
N +

(1−η)(1−ρ)
η−ρ

N∑
k=0

[EN (η)− EN (ρ)]+

]

Conjecture (F (strongly) convex)
Let µ1 > 0, µ2 ⋚ 0, µ1 + µ2 > 0, L2 ∈ (0, µ1], N + 1 ≥ 2. Then

1
2µ1

min
0≤k≤N

{
∥µ1(x

k − xk+1)∥2
}
≤

F (x0)− F (xN+1)

1 + µ2
µ1

+ min
{
EN (L2

µ1
) , EN (µ2

µ1
)
}

4 [x]+ := max{0, x}
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Curvature shifting techniques

Invariance of objective F to curvature shifting (where λ ≤ µ1)

F =

(
f1 − λ

∥ · ∥2

2

)
︸ ︷︷ ︸

fλ
1

−
(
f2 − λ

∥ · ∥2

2

)
︸ ︷︷ ︸

fλ
2

Adjusted curvatures:
▶ µλ

1 = µ1 − λ

▶ Lλ
1 = L1 − λ

▶ µλ
2 = µ2 − λ

▶ Lλ
2 = L2 − λ

Define pλ := p(Lλ
1 , µ

λ
1 , L

λ
2 , µ

λ
2 ) be the corresponding denominator of the 6

regimes

We compute λ∗ = argmax
λ∈(−∞,µ1]

pλ

Assume ∂f∗
1 can be computed efficiently

We focus on the measure of the best gradient residual
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Example 1: Smooth DCA vs. Gradient Descent (GD)

Assume F ∈ Fµ,L is smooth

GD iteration: x+ = x− γ∇F (x), where γ ∈ (0, 2
LF

)

Compare the denominators after one iteration:
1
2
min{∥∇F (x)∥2, ∥∇F (x+)∥2} ≤ F (x)−F (x+)

pDCA/GD
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Example 1.1: F smooth-nonconvex

Assume initial splitting F = f1 − f2 with µ1 = 1.5, L1 = 2, µ2 = 1, L2 = 2.5

⇒ regime p2 = 0.9167

We have µF = µ1 − L2 = −1 and LF = L1 − µ2 = 1

Optimal constant stepsize for GD: γ∗ = 2√
3LF

(Hadi Abbaszadehpeivasti et al.

2022)

GD rate: pGD = 1.5396 ; 67% better than p2

Best DCA splitting obtained with λ∗ = 1.0091: f̃λ∗
1 ∈ F0.4009,0.9009 and

f̃λ∗
2 ∈ F−0.0991,1.4009

Best in the area of regime p3: pλ
∗

DCA = 1.724 : 12% larger than pGD
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Example 1.2: F smooth-convex

Assume initial splitting F = f1 − f2 with µ1 = 1, L1 = 2, µ2 = 10., L2 = 1

⇒ regime p5 = 2

We have µF = µ1 − L2 = 0 and LF = L1 − µ2 = 1.9

Optimal constant stepsize for GD after one iteration: γ∗ = 3
2LF

(Rotaru et al.

2024)

GD rate: pGD = 0.831

Best DCA splitting obtained with λ∗ = 0.4: f̃λ∗
1 ∈ F0.6,1.6 and

f̃λ∗
2 ∈ F−0.3,0.6

Best in the area of regime p5: pλ
∗

DCA = 3.3333
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Example 2: Best DCA splitting on F smooth-nonconvex

Assume µF = µ1 − L2 = −0.5 and LF = L1 − µ2 = 1. What is the best
splitting?
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Improvements on DCA rates

max{µ1, µ2} < min{L1, L2}

Relative improvement: Ratio =
P (λ∗)−P (0)

P (0)

▶ p0: initial denominator before splitting
▶ pλ

∗
: optimal (largest) denominator obtained through curvature shifting

Setup µ1 L1 µ2 L2 p0 λ∗ pλ
∗ Ratio

µ1 > µ2

0.2 3 0.1 4 p2 = 0.4535 0.1221 p3 = 0.6031 33%

0.2 1000 0.1 3 p1 = 0.3255 0.1494 p1 = p3 = 0.358 10%

1 2 0.5 1.5 p1 = 0.7600 0.6733 p3 = 2.0321 167%

µ1 = µ2 1 4 1 3 p1 = 0.4583 µ1 = 1 p1 = p2 = 0.8333 81%

µ1 < µ2
0.1 3 0.2 4 p2 = 0.4539 µ1 = 0.1 p2 = 0.602 32%

0.001 4 0.002 3 p1 = 0.4531 µ1 = 0.001 p1 = 0.5835 28%

µ1 > 0; µ1 + µ2 > 0
2 4 −1.75 3 p5 = 0.4688 −0.4855 p3 = 0.52 11%

2.99 4 −2.9 3 p5 = 0.4994 −0.935 p5 = 0.5076 1.6%

µ1 > 0; µ1 + µ2 < 0 1 2 −1.5 1.5 – −0.6526 p3 = 0.8516 –
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Numerical experiments: SPCA

Sparse Principal Component Analysis (SPCA) (DC formulations in Journée

et al. 2010 and Themelis et al. 2020) with elastic-net regularization

minimize
x∈B̄(0,1)

F (x) := κ∥x∥1 + η
∥x∥2

2
−

1

2
xTΣx

B̄(0, 1) := {x|∥x∥2 ≤ 1}: closed Euclidean unit ball
Σ = ATA: sample covariance matrix
▶ A ∈ R20n×n (n = 200): sparse random matrix (normal distribution),

normalized by maximum eigenvalue
κ, η: l1-(sparsity inducing) and l2-regularization parameters

f1(x) := κ∥x∥1 + η
∥x∥2

2
+ δB̄(0,1)(x); thus: µ1 = η, L1 = ∞

f2(x) :=
1
2
xTΣx, with δC(x) as the indicator function of a set C

▶ thus: µ2 = min{Λ(Σ)} and L2 = max{Λ(Σ)} (extreme eigenvalues of Σ)
▶ we use a sample of Σ such that: f2 ∈ Fµ2=0.3882,L2=1

M = 1000 random initial points ∈ B̄(0, 1)
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Numerical experiments: SPCA

Testing curvature shifting policy

▶ fλ
1 = f1 − λ

∥·∥2
2

∈ Fη−λ,∞

▶ fλ
2 = f2 − λ

∥·∥2
2

∈ Fµ2−λ,L2−λ

λ ∈ {0,±λ∗,±0.5λ∗, λmax}
▶ λ∗ is the optimal curvature shift
▶ λmax :=

µ1+min{µ1,µ2}
2

maximum shift guaranteeing convergence
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Case 1: µ1 > µ2

η = µ1 = 0.5, κ = 0.02; λ∗ = 0.4413, λmax = 0.4441

if λ > µ2 = 0.3882 ⇒ fλ
2 weakly convex

better convergence by subtracting curvature
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Case 2: µ1 < µ2

η = µ1 = 0.2, κ = 0.02; λ∗ = λmax = µ1 = 0.02

≈ 20% improvement vs. initial splitting
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Summary on curvature shifting

If µ1 ≤ µ2: best rates obtained by making fλ
1 convex

If µ1 > µ2: best rates obtained for some µ2 < 0 (not covered by standard
DCA!)

PGD analogy: larger the stepsizes, better the performance



38/46

Curvature shifting in gradient mapping criterion

General rates type:

min
0≤k≤N

∥xk − xk+1∥2

2
≤

F (x0)− F (xN+1)

(µ1 + µ2) + PN (L1, µ1, L2, µ2)

No scaling of the iteration differences!

Natural scaling through µ1 (essentially, µ1 = γ−1)

Therefore, we must optimize in λ the denominator of:

min
0≤k≤N

∥µλ
1 (x

k − xk+1)∥2

2
≤

F (x0)− F (xN+1)

µλ
1+µλ

2

(µλ
1 )

2 +
(
µλ
1

)−2
PN (Lλ

1 , µ
λ
1 , L

λ
2 , µ

λ
2 )
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Literature review

For φ strongly convex and different performance metrics: A. B. Taylor et al. 2018

Let ρ = 1− γLφ

Initialization
∥∥x0 − x⋆

∥∥2 F
(
x0

)
− Flo

∥∥∇φ
(
x0

)
+ g0h

∥∥2
∥∥xN − x⋆

∥∥2 ≤ ρ2N
∥∥x0 − x⋆

∥∥2 2
µ
ρ2N

(
F
(
x0

)
− Flo

)
1
µ2 ρ

2N
∥∥∇φ

(
x0

)
+ g0h

∥∥2
F
(
xN

)
− Flo ≤ ✗ ρ2N

(
F
(
x0

)
− Flo

)
1
2µ

ρ2N
∥∥∇φ

(
x0

)
+ g0h

∥∥2∥∥∇φ(xN ) + gNh
∥∥2 ≤ ✗ this work ρ2N

∥∥∇φ
(
x0

)
+ g0h

∥∥2
For φ nonconvex, with µφ = −Lφ H. Abbaszadehpeivasti 2024

General remark: We recover the same rates from the unconstrained case!
(Thus the conjectures before...)
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Getting PGD rates

Obtained from DCA analysis by just replacing curvatures

DCA ↔ PGD

F ∈ Fµ1−L2,L1−µ2
↔ F ∈ Fµφ+µh,Lφ+Lh

µ1 ↔ γ−1 + µh

L1 ↔ γ−1 + Lh

µ2 ↔ γ−1 − Lφ

L2 ↔ γ−1 − µφ

µ1 + µ2 > 0 ↔ γ < 2
Lφ−µh

µ2 ≥ 0 ↔ γ ≤ 1
Lφ

Standard PGD setting: h is convex nonsmooth, hence µh = 0, Lh = ∞, thus
µ1 = γ−1 > 0 and L1 = ∞
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Getting PGD rates

Obtained from DCA analysis by just replacing curvatures
Standard PGD setting: h is convex nonsmooth, hence µh = 0, Lh = ∞, thus
µ1 = γ−1 > 0 and L1 = ∞
Regimes in gradient residual metric:

Convexity of φ Stepsize γ µ2 = γ−1 − Lφ L2 = γ−1 − µφ Regime

nonconvex
µφ < 0

γ ∈
(
0, 1

Lφ

)
µ2 > 0

L2 > µ1
p1

γ = 1
Lφ

µ2 = 0

γ ∈
(

1
Lφ

, 2
Lφ

)
µ2 < 0 p1 or p5

convex
µφ = 0

γ ∈
(
0, 1

Lφ

)
µ2 > 0

L2 = µ1
p1 = p4

γ = 1
Lφ

µ2 = 0

γ ∈
(

1
Lφ

, 2
Lφ

)
µ2 < 0 p5

strongly convex
µφ > 0

γ ∈
(
0, 1

Lφ

)
µ2 > 0

|µ2| < L2 < µ1
p4

γ = 1
Lφ

µ2 = 0

γ ∈
(

1
Lφ

, 2
Lφ+µφ

)
µ2 < 0

p4 or p5

γ ∈
[

2
Lφ+µφ

, 2
Lφ

)
L2 ≤ −µ2 < µ1 p5
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Gradient residual regimes

1− γµφ =

 < 1 strongly convex φ
= 1 convex φ
> 1 weakly-convex φ

1− γLφ =


∈ (−1, 0) long stepsizes γ > L−1

φ

∈ [0, 1) short stepsizes 0 < γ ≤ L−1
φ

> 1 negative stepsizes γ < L−1
φ

(here L1 = 2)
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Gradient mapping regimes

1− γµφ =

 < 1 strongly convex φ
= 1 convex φ
> 1 weakly-convex φ

1− γLφ =


∈ (−1, 0) long stepsizes γ > L−1

φ

∈ [0, 1) short stepsizes 0 < γ ≤ L−1
φ

> 1 negative stepsizes γ < L−1
φ

(here L1 = 2)
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Proof technique

Combine inequalities on consecutive iterations.

Interpolation conditions (A. Taylor et al. 2017)
A set of triplets T =

{(
xi, gi, f i

)}
i∈I is Fµ,L-interpolable (−∞ < µ < L > 0), i.e.,

there exists f ∈ Fµ,L such that f(xi) = f i, gi ∈ ∂f(xi), if and only if ∀i, j:

f i − fj − ⟨gj , xi − xj⟩ ≥
µ

2
∥xi − xj∥2 +

1

2(L− µ)
∥gi − gj − µ(xi − xj)∥2 (Q[i,j]

f )

Key observation: Any tight proof is a linear combination of interpolation
inequalities.
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Proof technique

Combine inequalities on consecutive iterations.

Interpolation conditions (A. Taylor et al. 2017)
A set of triplets T =

{(
xi, gi, f i

)}
i∈I is Fµ,L-interpolable (−∞ < µ < L > 0), i.e.,

there exists f ∈ Fµ,L such that f(xi) = f i, gi ∈ ∂f(xi), if and only if ∀i, j:

f i − fj − ⟨gj , xi − xj⟩ ≥
µ

2
∥xi − xj∥2 +

1

2(L− µ)
∥gi − gj − µ(xi − xj)∥2 (Q[i,j]

f )

Key observation: Any tight proof is a linear combination of interpolation
inequalities.

Target inequality: Consider nonnegative weights α[i,j],β[i,j]:∑
0≤i,j≤N

α[i,j]Q
[i,j]
f1

+ β[i,j]Q
[i,j]
f2

: F (x0)− F (xN ) ≥ 1
2

N∑
i=0

σi∥gi1 − gi2∥2 (␁)
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Proof technique

Lemma
Let f1 ∈ Fµ1,L1

and f2 ∈ Fµ2,L2
, with L2 > µ2 and L1 > µ1 ≥ 0. Consider one

DCA iteration connecting xk and xk+1. Let ∆xk = xk − xk+1, gj1 ∈ ∂f1(xj),
gj2 ∈ ∂f2(xj) and Gj = gj1 − gj2, where j = {k, k + 1}. Then:

∆F (xk) ≥µ1+µ2
2

∥∆xk∥2 +
∥Gk+1−µ2∆xk∥2

2(L2−µ2)
+

∥Gk−µ1∆xk∥2
2(L1−µ1)

(Bk)

⟨Gk,∆xk⟩ ≥ µ1∥∆xk∥2 +
∥Gk−µ1∆xk∥2

L1−µ1
(Ck

f1
)

⟨Gk+1,∆xk⟩ ≥ µ2∥∆xk∥2 +
∥Gk+1−µ2∆xk∥2

L2−µ2
(Ck

f2
)

Lemma obtained by summing up interpolation inequalities and using the
property gk+1

1 = gk2 .

All distance-1 proofs correct inequality (Bk) via weighted combination of
(Ck

f1
) and (Ck

f2
).
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Summary

Complete rates for DCA in terms of gradient residual and gradient mapping

Curvature shifting improves DCA rates

PGD rates obtained as byproduct
AISTATS 2025 paper available on:

https://proceedings.mlr.press/v258/rotaru25a.html
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