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Model definition Problem statement Hardness of directions
Take a d - dimensional vector x of i.i.d. standard Gaussian What is the lowest number of samples n = ad Some of the directions which span W can be
random variables, project it onto a p x d weight matrix W needed to have weak recovery in the large d limit harder to recover. We have three classes:
and link the output with a generic function g using first order algorithms?

Recovery with arbitrarily small « in 1

In practice, can you propose a weight matrix w that

step using AMP or a finite humber of
21 W1 will have non-zero projection on w? itergtions%vith GD [1]
— [ ) - [ x T N ]
: : W W Recovery with > a, given
_ _ infinitesimal side information
d Cannot be recovered with any «
directions directions
The trivial directions are all directions v such that The easy directions are all the non-trivial S181 (Z 1Z 2)
directions with finite critical @
2[zTv]y] # 0 ‘ 0.6 -
Examples include: =xamples include:
1. v=1 forp=1and g is non-even 1. any v for g(z) = 717, ... | = 0.4 -
2. v=14 for g(z) = Y. f(z;) and any non-even f 2. any v for g(z) = sign(z,2; ...zp) if p < 2 E
— ) >
3. anyv forg(z) =z + 212, + 212,723 + 212,737 + - [2] The recovery requires infinitesimal side © 09 -
All such v are recovered in one step by AMP and a |nforma.t|on.. | o
finite number of steps by GD [1], as long as a > 0. Easy directions are linked to symmetries in the
o _ _ _ o argument of g [1], such as permutation invariance 0.0 eY?
If there are no tr|V|§I dlrectlons, then n_o_ direction is for 1 and change of sign in 2 U | | | |
recovered unless ais bigger than a critical a, and 9 () 9 5 3.0 95 1.0
infinitesimal side information If the critical 0%, IS infinite, that direction is hard : : : : :
and there is no transformation on the output that Sample CQmp]exjty o =n / d
would make it easy
: : o z1% + sign(z,2,23)
Iterative denoising 1 14243
If we run AMP we have three possible scenarios at the start of the 1.00 -+ 2 )
run: 22, 23 é
L. L 0.75 - v
1. If all directions are hard, nothing is recovered . =
2. If some directions are , they will be recovered in one step S 0.50 - 2
> 2
3. If there are directions and no ones, nothing will be ® &
recovered until O(logd) iterations, when the recovery will 0.25 - <
happen O
@
OOO I | | | | | |
After this stage, if we are in sce_nailrios.z or 3 we reduce to the 0 1 9 3 1 0 1 9 2 A
subproblem of recovering the remaining directions Sample complexity a = n/d Sample complexity a = n/d
Some hard directions may become easy or trivial
1.00 ~ e o © © 00— 251
As an example: S §
. . . © 204 °®
z1%+sign(z,z,23)+sign(z3z,z<) + sign(z=z¢z,) + -+ .
o . 5 1.5 -
There are no ftrivial directions, and z; Iis the only easy one. = o
After it is recovered z,, z; become easy, then z,, z:, efc. qg 0 °.
U 7 ®g0
Because of this AMP will have a saddle to saddle dynamic, where @ % \
the algorithm remains stuck for 0(logd) plateaus and quickly b - D— N "
recovers new directions between them. 109 101 109 101
Iterations Iterations
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