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Problem of Interest: Weighted
Multidimensional Scaling (WMDS)
• Goal: Given pairwise distances dij and weights

wij, find low-dimensional embeddings
y1, . . . , yn ∈ Rp that preserve the structure of
the original space.

• Optimization Problem:

min
Y∈Rn×p

S(Y) :=
∑
i<j

wij (∥yi − yj∥ − dij)2︸ ︷︷ ︸
fij(Y)


• Use Cases: Dimensionality reduction and

graph drawing.
• Key Challenges:

• Stability: While line search effectively addresses the
step-size selection challenge and improves robustness, it
comes at a significant computational cost due to
multiple objective function evaluations per update:
O(kn2) per iteration, where k is the number of
evaluations during line search.

• Efficiency: Stress Majorization guarantees that the
objective function value is non-increasing, but it is
computationally expensive: O(max(n3, n2p)) per
iteration.

Contributions
• Propose StableMDS , a novel gradient

descent-based method that ensures convergence
to stationary points and guarantees
non-increasing stress values during optimization.

• Improve computational efficiency over
Kamada-Kawai and Stress Majorization
methods.

• Propose FastMDS , an accelerated variant of
StableMDS that empirically achieves stable
convergence on large-scale datasets.

Proposed Methodology: Key Steps
& Proof Sketch

The procedure is simple, but the key challenge is
Step 1: proving for the first time that the Hessian
of WMDS with respect to each yi admits a spectral
bound. While WMDS has been well studied, this
property was not previously known.
1 Hessian Bound. For each pairwise term fij(Y):

fij(Y) := wij (∥yi − yj∥ − dij)2 ,

we compute the second derivative with respect to
yi:

∇2
yi

fij = 2wij(a I + b vv⊤) ⪯ 2wijI,
where I is the identity matrix, a := 1 − dij

∥yi−yj∥,
b := dij

∥yi−yj∥, and v := yi−yj

∥yi−yj∥. Summing over j ̸= i,
we obtain the bound for the objective function:

∇2
yi

S(Y) ⪯ LI, L = 2
∑
j ̸=i

wij.

2 Descent Lemma. The bound ∇2
yi

S ⪯ LI
implies that for any update ∆i:

S(Y + ∆i) ≤ S(Y) + ⟨∇yi
S, ∆i⟩ + L

2
∥∆i∥2.

This shows that the objective function decreases
after each update.

3 Optimal Step Size. Setting ∆i = − 1
L∇yi

S
ensures:

S(Y(t+1)) ≤ S(Y(t)) − 1
2L

∥∇yi
S(Y(t))∥2,

guaranteeing that the objective decreases at each
step.

4 StableMDS Algorithm. The update rule for
each yi is:

y(t+1)
i = y(t)

i − 1
L

∇yi
S(Y)

∣∣∣∣∣yi=y(t)
i

,

which ensures monotonic decrease in the objective
function.

5 Convergence Rate. StableMDS reaches an
ϵ-stationary point in O(1/ϵ2) steps.

6 FastMDS Extension. By using a mini-batch B
of size b ≪ n, the per-step cost is reduced from
O(n2p) to O(bnp), enabling faster computation for
large datasets.

Source code
Source code is available at:
https://github.com/Fzx-oss/StableMDS.

Comparison of WMDS Solvers

Kamada-Kawai Algorithm Stress Majorization StableMDS (Ours)
Computational Complexity

per Iteration
O(n2p3) if p ≥ 3
O(n2p2) if p = 2 O(max(n3, n2p)) O(n2p)

Guarantee of Non- Increasing
Loss Values 7 3 3

Convergence Guarantee Requires close
to a stationary point Stationary point Stationary point

Convergence Rate Quadratic (Newton) or
superlinear (quasi-Newton) Unknown Sublinear

Auxiliary Space O(p2) O(n2) O(p)

StableMDS (Alg.1)
Require: Number of iterations T , initial positions of

embeddings Y(0), distance matrix D, weighting matrix
W, boolean variable shuffle.

Ensure: Updated embeddings Y(nT )

1: Initialize the indices list indices = [1, . . . , n], where n is
the number of points.

2: for t = 1 to T do
3: if shuffle then
4: Shuffle indices to randomize the order of updates.
5: end if
6: for index in indices do
7: Set i to the current index.
8: Compute the step size: ηi = 1∑n

j=1,j ̸=i wij
.

9: Compute the gradient:
gi = ∑n

j=1,j ̸=i wij

(
y(t)

i − y(u)
j

)(
1 − dij

max(ϵ,∥y(t)
i −y(u)

j ∥)

)

10: where y(u)
j =

y(t+1)
j if yj has been updated

y(t)
j otherwise.

11: Update the embedding: y(t+1)
i = y(t)

i − ηigi.
12: end for
13: end for

*Differences for FastMDS relative to StableMDS are highlighted in color.

FastMDS (Alg.2)
Require: Number of iterations T , initial positions of

embeddings Y(0), distance matrix D, weighting matrix
W, sampling size b, boolean variable shuffle.

Ensure: Updated embeddings Y(nT )

1: Initialize the indices list indices = [1, . . . , n], where n is
the number of points.

2: for t = 1 to T do
3: if shuffle then
4: Shuffle indices to randomize the order of updates.
5: end if
6: Uniformly sample a set of data points B ⊂ {1, . . . , n},

with a size of b = |B|.
7: for index in indices do
8: Set i to the current index.
9: Compute the step size: ηi = 1∑

j∈B,j ̸=i wij
.

10: Compute the gradient:
gi = ∑

j∈B,j ̸=i wij

(
y(t)

i − y(u)
j

)(
1 − dij

max(ϵ,∥y(t)
i −y(u)

j ∥)

)
,

11: where y(u)
j =

y(t+1)
j if yj has been updated

y(t)
j otherwise.

12: Update the embedding: y(t+1)
i = y(t)

i − ηigi.
13: end for
14: end for

Numerical Evaluations
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Figure 1. Optimization loss curves on the MNIST, COIL2000, and Shuttle datasets (3,000 samples each)

Stress Majorization
Time: 21.81 s

StableMDS
Time: 6.16 s

FastMDS (30%)
Time: 3.51 s

FastMDS (10%)
Time: 2.67 s

Stress Majorization
Time: 59.37 s

StableMDS
Time: 18.71 s

FastMDS (30%)
Time: 11.38 s

FastMDS (10%)
Time: 8.43 s

Figure 2. Dimensionality reduction results on the Swiss Roll and Spheres datasets (3,000 samples each)

Kamada-Kawai Algorithm
Time: 66.10 s

Stress Majorization
Time: 352.94 s

StableMDS
Time: 53.33 s

FastMDS (30%)
Time: 25.39 s

FastMDS (10%)
Time: 11.84 s

Figure 3. Graph layouts generated by different algorithms on the 3elt dataset (4,720 nodes, 13,722 edges)

https://github.com/Fzx-oss/StableMDS

