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Challenge and Motivation for WPCA (Winsorized PCA)

= Challenge
Real-world data often contain noise, outliers, and other anomalies.
The standard SVD (Singular Value Decompostion) and PCA (Principal Component Analysis)
estimates are highly sensitive to large scale outliers.

= Motivation
Winsorization has long been recognized as a common and effective tool for handling
extreme values in data analysis. It can be applied universally before performing analysis,
ensuring that subsequent analysis operate on transformed data with reduced outlier
influence. This versatility has made winsorization a valuable tool in a wide range of high
dimensional applications, from dimension reduction to other forms of multivariate analysis.

= Winsorized PCA (WPCA): a robust approximation of the d dimensional PC subspace, spanned
by the first d eigenvectors of the population covariance matrix.
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Figure 1. Recovered PC subspace by WPCA, and corrupted PC subspace by the standard PCA.

Fixing the number of variables p, we define g(n,r) = Q(h(n,r)) if there exist constants a < b
such that a < g(n,7)/h(n,r) < b. The convergence rates of the upper bounds in equations (2)
and (3) can then be summarized as follows.
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Table 1. Convergence rate of the upper bound of E[sin @@] when p is fixed

We now consider a high-dimensional setting where the number of variables p increases. To
analyze the scenario where n, p, and r grow together, we assume r = p'/2t% with 5 € (—00, 0).
Here, a positive 5 implies fewer projected points, while negative 5 means more projected points.
The convergence rate under this assumption can be summarized as follows.
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Table 2. Convergence rate of the upper bound of E[sin @@] in the high-dimensional regime

Extension of Breakdown Points

Winsorized PCA
X = [xy,...,X,) € R"*P: a centered, potentially contaminated data = SUbSpaC6> Vi
matrix consisting of n samples with p variables.

H Winsorization with radius r € (0, 00)
X0 = [x\", .. <"1 Winsorized data where each winsorized ob- ——222%2, %¢
servation is defined as:
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Statistical Accuracy Theorem

Let Fs» denote a mean-zero, p-dimensional elliptical distribution (Cambanis et al., 1981), with
covariance matrix 3 = 7| A\jv;v. Assume that \j;;1 > A; for all j and denote AP the jth
largest eigenvalue of Cov(x")) where x(") is the winsorized random vector of x ~ Fx». Let e > 0
be the fraction of contamination among n samples. Let Vfﬁ (X,) be the d-dimensional subspace
spanned by the first d eigenvectors obtained by the proposed WPCA and @ET) = @(Vc(f)(Xe), V)

be the largest principal angle between Vc(f) (X¢) and V;. Then for any n and p,
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= The breakdown point (Hampel, 1968: Huber and Donoho, 1983; Huber, 1984, 2011) can
be defined as the minimum number of corrupted data points that cause the the furthest
statistic value from the original statistic value.

= Breakdown point of real-valued statistics
For a real-valued statistic as a function f : X" — R that takes as input n data points
Xy € X" and outputs a real-valued f(Xy), the breakdown point of f at X is

[
bp(f; Xo) == 121’1[1;1”{5 - Sup | f(Zy) — f(Xo)| = oo}, (4)

where the supremum is taken over all possible corrupted collections Z; that are obtained
from X by replacing [ data points of X with arbitrary values.

Mf — v extend to vector valued

= Breakdown point of vector-valued statistics
For a vector-valued statistics, v : X" — S+,

bp(v: Xo) = min {~ : sup O(v(Z), v(Xo)) = g}, (5)

I<i<n'n g,

where (v, w) := arccos(|v!w]) is the angle between v and w.

Mv — )V extend to subspace valued

= Breakdown point of subspace-valued statistics
For a subspace-valued statistic V : X" — Gr(d, p),
(i) The breakdown point is defined as

bp(V; Xy) := bp(V, ©; Xy)
= i {2 swo @) i) = 5} ©

1<i<n | N 7 2
(i) The strong breakdown point is defined as
bp(V; Xo) := bp(V, 6; Xo)

= min {5 sup O(V(Z0), V(X)) = I} (7

1<i<n N g 2

where O(-,-) and (-, -) denote the largest and smallest principal angles, respectively.
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Figure 2. Empirical expectation E[sin @ET)] for different tail behaviors. Panels (a) and (c) show the results under

non-spiked model with the t3 and Gaussian distributions, respectively. Panels (b) and (d) represent the spiked
model.

The lack of Robustness of PCA

Let V,;(Xy) be given by the d-dimensional PC subspace obtained from traditional PCA applied to
the data Xy, and A; be the jth largest eigenvalue of X{Xy/n. Assume that Ay > Ag41. Then,

bp(Va; Xo) =

)

(8)

bp(Va; Xo) = —.
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This result highlights that traditional PCA is highly sensitive to outliers.

Robustness of WPCA

Let Vc(f) be a d-dimensional PC subspace from WPCA. Then,

r I ~ r (r
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_ > Ay 3. (
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We empirically observe that the smaller the radius r, the more robust the winsorized PC subspace
becomes in terms of both strong and weak breakdown points.
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Figure 3. Estimated lower bounds for the breakdown points in (2).



