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Distributional Counterfactual Explanations (DCE)
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Consider a business that uses an ML model b to forecast revenue. Given any observed model outputs,
the business wants to know how shifting the overall distributions of d and r would change predictions
towards another pattern.
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To answer this “what-if” question, the counterfactual d and r should resemble the observed factual d

and r for practical and actionable changes.
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Preliminaries of Optimal Transport (OT)

OT and the Wasserstein Distance. The one-dimensional (1D) squared 2-Wasserstein
distance is defined as

W2(γ1, γ2) ≜ inf
π∈Π

∫
R×R
∥a1 − a2∥2 dπ(a1, a2),

which represents the optimal transport (OT) cost between γ1 and γ2 with respect to the
squared Euclidean distance ∥a1 − a2∥2 under the optimized OT plan π.
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Preliminaries of Optimal Transport (OT)

Sliced Wasserstein Distance. Let Sd−1 ⊂ Rd stand for the d-dimensional unit sphere:

SW2(γ1,γ2) ≜
∫
Sd−1

W2(θ♯γ1,θ♯γ2) dσ(θ),

where σ is the uniform distribution on Sd−1 and ♯ is the push-forward operator, projecting
(high-dimensional) measures γ1 and γ2 onto 1D.
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DCE Formulation
Denote b a black-box model. Given any data distribution x′ as a factual (i.e. an observation),
we aim to find a counterfactual x that achieves a desired target outcome y∗, which is obtained
by solving the following optimization problem.

max
x,P

P (1a)

s.t. P ≤ P

 SW2(x,x′) < Ux︸ ︷︷ ︸
Counterfactual proximity

 (1b)

P ≤ P

W2(b(x), y∗) < Uy︸ ︷︷ ︸
Counterfactual effect

 (1c)

P ≥ 1− α

2︸ ︷︷ ︸
We need a sufficiently large P

(1d)
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Problem Solving Framework

1: repeat
2: Solve OT to obtain W2(b(x), y∗) and SW2(x,x′).
3: Stochastic gradient descent (SGD) for

min
x

(1− η) · SW2(x,x′) + η · W2(b(x), y∗)

4: Estimate Upper Confidence Limit (UCL) W2(b(x), y∗) and SW2(x,x′) given α

5: Adjust η to maximize the smaller gap of Ux − SW2 and Uy −W2

6: until Counterfactual x converges
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Problem Solving Framework

max
x,P

P (2a)

s.t. P ≤ P

SW2(x,x′) < Ux︸ ︷︷ ︸
Counterfactual proximity

 (2b)

P ≤ P

W2(b(x), y∗) < Uy︸ ︷︷ ︸
Counterfactual effect

 (2c)

P ≥ 1−
α

2︸ ︷︷ ︸
We need a sufficiently large P

(2d)

Theoretical Foundation. The two chance constraints (2b) and (2c) holds with probability

1− α/2 iff SW2 ≤ Ux and W2 ≤ Uy, respectively.
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Problem Solving Framework

1: repeat
2: Solve OT to obtain W2(b(x), y∗) and SW2(x,x′).
3: SGD for min

x
(1− η) · SW2(x,x′) + η · W2(b(x), y∗)

4: Estimate UCL W2(b(x), y∗) and SW2(x,x′) given α

5: Adjust η to maximize the smaller gap of Ux − SW2 and Uy −W2

6: until Counterfactual x converges

Figure: Dvoretzky–Kiefer–Wolfowitz
inequality (DKW inequality)

1D Case: W2(z, z) =

∫ 1

0

∥∥F−1
z (q)− F−1

z′ (q)
∥∥2︸ ︷︷ ︸

Confidence bound obtained by DKW

dq

Hence: W2(z, z) ≤
∫ 1

0
Confidence bound dq︸ ︷︷ ︸

UCL of W2(z, z′), i.e. W2(z, z′)
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Convergence Analysis

1: repeat
2: Solve OT to obtain W2(b(x), y∗) and SW2(x,x′).
3: SGD for min

x
(1− η) · SW2(x,x′) + η · W2(b(x), y∗)

4: Estimate UCL W2(b(x), y∗) and SW2(x,x′) given α

5: Adjust η to maximize the smaller gap of Ux − SW2 and Uy −W2

6: until Counterfactual x converges
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Counterfactual Proximity vs. Counterfactual Effect
Distributional Counterfactual Explanations With Optimal Transport

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
Risk

Fact.

C.Fact.

Target

−0.5 0 0.5
0

0.2

0.4

0.6

0.8

1
All Features

20 40 60 80
0

0.2

0.4

0.6

0.8

1
Age

0 5,000 10,000
0

0.2

0.4

0.6

0.8

1
Credit Amount

0 20 40 60
0

0.2

0.4

0.6

0.8

1
Duration

0

10

20

30

40

Purpose

Fact.

C.Fact.

0

20

40

60

Saving Accounts

0

20

40

60

80
Housing

0

20

40

60

Job

Figure 2: [German-Credit, DNN] The x-axis is fea-
ture/target value and the y-axis is quantile/quantities. The
first plot “Risk” shows the model’s output distribution.
The second plot “All Features” shows the quantiles of the
1D projected (by Θ) factual and counterfactual distribu-
tions. The other plots show marginal distributions for each
feature, where numerical ones are shown by quantile and
categorical by histogram. Factual risk (average) is 31.3%
and counterfactual 17.5%.

features. With similar coverage, an algorithm achieving
smaller values in these columns is more desirable. Com-
pared to the AReS cost column that simply assumes
uniform cost for the whole distribution spectrum of a
feature, these columns may serve as an arguably better
metric in practice—moving a value around the median
should be easier than doing so at the distribution tails
(i.e. extreme values), hence being with lower cost. Dis-
count remains stable under different models in terms
of counterfactual coverage.

Table 1 (bottom) shows similar results, but for COM-
PAS, where most of the features are categorical (one-hot
encoded as binary columns). We separately evaluate
the action costs of categorical features (abbreviated as
Cat.) and the two numerical features, ”Priors Count”
and ”Time Served”. The categorical difference (Cat.
Diff) is defined as the average absolute difference (rang-
ing from 0 to 1) between factual and counterfactual
data points for all categorical features. Discount sig-
nificantly outperforms the others in both categorical
and numerical feature action costs and exceeds DiCE
in AReS cost. It is worth noting that Discount results
in significantly better coverage stability and generally
outperforms DiCE in other cost metrics, as well as
proximity.
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Figure 3: [Cardiovascular Disease, DNN] Convergence
of Discount with Interval Narrowing. The optimization
starts from a point that is near to the factual x′. At the
beginning η stays at r = 1 due to the violation of the chance
constraint of y, such that the optimization leans entirely
towards bringing y to y∗ closer gradually. When W2 is
below U2 at iteration 57, a feasible solution is found. Then

η is optimized within [l, r] to balance the gaps Ux − SW2

and Uy −W2, until the algorithm converges.

Discount achieves the best distributional prox-
imity In Table 1, the two columns OT and MMD
suggest that Discount results in better proximity than
the others, with moderate runtime. Figure 2 does vi-
sualization for distributional counterfactual proximity
and the corresponding counterfactual effect by Dis-
count. The figure is obtained by training a DNN on the
German-Credit dataset with all features. We sample
100 data points from the test data set as the factual
distribution, then apply the proposed Discount on all
training features to obtain the corresponding counter-
factual distribution for explanation. Our target y∗

is generated by a Beta distribution that represents a
group of customers with very low risk, shown as the
dashed black curve. Discount achieves this target while
having the feature distribution of the counterfactual
resembles the one of the factual.

Discount convergence visualization Figure 3
demonstrates the convergence behavior of Discount,
where η is computed by Interval Narrowing in Algo-
rithm 2. We argue that the convergence behavior of
Set Shrinking in Algorithm 3 is similar (guaranteed
by Theorem 5.1). Since the interval [l, r] is straightfor-
ward to visualize, the convergence behavior of Interval
Narrowing is therefore selected to be shown here.

7 Conclusions

We have broadened the scope of CE by introducing
it in a distributional context, termed DCE, under a
statistically rigorous framework. The numerical results
demonstrate the effectiveness of this method. Some
explorations on geometric interpretations as well as
unresolved challenges are discussed in Appendix G.
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Benchmarking

Lei You, Lele Cao, Mattias Nilsson, Bo Zhao, Lei Lei

Table 1: [HELOC (top table) and COMPAS (bottom table)] The rows with considerably low coverage scores (≤ 0.8) are
marked gray. In each column, we use bold text to highlight the row with the best performance, ignoring all gray ones, as
one can always gain good performance in cost and proximity by sacrificing coverage, losing comparability. The model test
accuracy is stated. The experiments are averaged over 10 runs.

Cost Proximity
% Difference at PercentilesModel Algo. Cover. AReS

Cost 0-15 15-30 30-70 70-85 85-100
OT MMD

Time
(s)

AReS 0.019 0.038 0.000 0.187 43.83 0.321 0.000 0.000 0.000 12
Globe 0.962 3.346 101.6 45.08 515.8 95.56 230.5 8.521 0.039 5.3
DiCE 0.796 18.41 100.0 100.0 326.0 12.04 30.68 0.324 0.107 7235

DNN
(74.9%)

Discount 0.981 22.87 7.801 8.183 265.0 9.422 6.325 0.202 0.036 632
AReS 0.058 0.049 0.000 1.002 6.000 0.418 0.000 0.002 0.001 11
Globe 0.038 3.302 41.93 28.28 87.70 57.29 117.8 2.899 0.039 4.9
DiCE 0.174 10.54 100.0 100.0 95.28 4.257 32.39 0.330 0.148 2735

RBFNet
(73.6%)

Discount 0.962 16.22 8.461 21.65 185.5 36.89 19.55 0.563 0.039 621
AReS 0.038 0.577 0.000 0.000 0.794 0.935 0.000 0.001 0.000 14
Globe 1.000 3.600 155.1 95.49 152.2 34.98 178.6 13.72 0.039 4.8
DiCE 1.000 13.01 100.0 100.0 636.7 44.13 30.36 0.514 0.130 5767

SVM
(75.0%)

Discount 1.000 4.357 5.591 14.07 256.6 16.63 9.811 0.342 0.036 244

Cost Proximity
Num. Distribution Shift %

Priors Count Time Served
Model Algo. Cover. AReS

Cost
Cat.
Diff.

Mean Std Mean Std
OT MMD

Time
(s)

AReS 0.103 6.162 0.241 79.20 87.61 82.49 89.06 0.130 0.169 10
Globe 1.000 0.785 - - - 1729 - 8.007 0.220 4.4
DiCE 0.939 7.678 0.485 78.78 70.11 64.07 80.59 0.406 0.369 503

DNN
(67.1%)

Discount 0.976 4.716 0.156 59.69 8.999 85.29 20.88 0.130 0.116 125
AReS 0.143 2.345 0.040 0.000 0.000 0.000 0.000 0.020 0.025 9.3
Globe 0.690 2.827 0.000 162.2 0.000 226.3 0.000 0.333 0.133 4.1
DiCE 0.001 6.653 0.297 46.99 67.96 49.47 78.10 0.269 0.270 544

RBFNet
(66.9%)

Discount 0.912 6.158 0.200 163.88 11.71 54.26 0.118 0.441 0.207 433
AReS 0.184 2.000 0.324 0.000 0.000 0.000 0.000 0.015 0.019 9.2
Globe 1.000 1.464 0.000 - - 3704 - 30.75 0.226 4.2
DiCE 0.974 5.004 0.172 49.48 68.79 51.85 79.28 0.230 0.228 693

SVM
(64.7%)

Discount 0.983 4.758 0.172 53.80 1.649 53.36 1.344 0.141 0.106 138

sifications on the two datasets. Then for each model,
we sample an observed distribution x′ from the test
set and keep the data points with y′ = b(x′) being 0.
Every explainer is expected to find a counterfactual
distribution x such that y = b(x) is as close as possible
as a distribution to y∗ = 1. The metric coverage is
defined to be the proportion of the 1 values in y. The
AReS cost metric (Rawal and Lakkaraju, 2020) bins
continuous features and it is used to evaluate the cost
of moving between two adjacent bins, while its coun-
terpart columns evaluate feature changes in specific
percentiles. Namely, the smaller changes, the fewer
cost caused by the counterfactual. The distributional
proximity between factual and counterfactual is mea-
sured by two different metrics that are commonly used
for divergence between distributions: OT and maxi-
mum mean discrepancy (MMD). AReS (rule-based)

and GLOBE (Ley et al., 2023) (translation-based) are
used to benchmark the AReS cost performance, as both
algorithms are specifically designed for optimizing this
cost metric. DiCE (Mothilal et al., 2020) is used as a
gradient-based baseline approach for our proposed Dis-
count. Neither DiCE nor Discount has any knowledge
to the AReS cost information. Gray rows in Table 1 are
not considered for comparison due to low (≤ 0.8) cov-
erage, because it is trivial for any algorithm to sacrifice
coverage for better performance in any other metric.

In Table 1 (top), GLOBE outperforms the others in
terms of AReS cost with reasonable coverage, as ex-
pected. The columns under “% Difference at Per-
centiles” evaluates the percentage change in the value
of the feature in the counterfactual compared to the
factual in a specific percentile, being averaged across all
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Open Problem: Information in the Optimal Transport Plan

It is worth exploring the connection between distribution shift research and the search for
counterfactual explanations.
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