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Global Optimization
We aim to minimize a Sobolev and continuous function 𝑓  over Ω, a
compact subset of ℝ𝑑:

𝑓 ∈ 𝐶0(Ω → ℝ) ∩ 𝑊 1,4(Ω → ℝ)
𝑥 ∈ argmin

𝑥∈Ω
 𝑓(𝑥).

We propose a variational approach to solve this problem by sampling
from the Boltzmann distribution using SVGD [1].

Boltzmann distribution

Figure 1: Illustration of the Boltzmann density for different function
geometries and values of 𝜅.

Definition

Given a function 𝑓 ∈ 𝐶0(Ω, ℝ), the Boltzmann distribution
over Ω is induced by the probability density function
𝑚(𝜅)

𝑓,Ω(𝑥) : Ω → ℝ≥0 defined by:

𝑚(𝜅)
𝑓,Ω(𝑥) = 𝑚(𝜅)(𝑥) = 𝑒−𝜅𝑓(𝑥)

∫
Ω

𝑒−𝜅𝑓(𝑡) d𝑡
.

Stein Boltzmann Sampling

sbs is the application of svgd to the Boltzmann distribution (or any dis%
tribution whose density is asymptotically supported over 𝑋∗) on Sobolev
functions (more suitable for global optimization than the original svgd
framework).

Select a large 𝜅 and define 𝜋 ≜ 𝑚𝜅. Sample 𝑁  particles uniformly and
moves them according to the following differential equation:

d𝑋(𝑖)
𝑡

d𝑡
= 1

𝑁
∑
𝑁

𝑗=1
∇ log 𝜋(𝑋(𝑗)

𝑡 )𝑘(𝑋(𝑖)
𝑡 , 𝑋(𝑗)

𝑡 ) + ∇𝑋(𝑗)
𝑡

𝑘(𝑋(𝑖)
𝑡 , 𝑋(𝑗)

𝑡 ), (1)

where 𝑘 is a continuous and positive definite kernel. This process is
known as Stein Variational Gradient Descent [1].

𝑥 ↦ sin‖𝑥‖2 𝑡 = 0 𝑡 = 700

Figure 2: Illustration of d𝑋(𝑖)
𝑡

d𝑡  (Eq. 1).

We prove the asymptotic convergence in this new setting:

Theorem

Let 𝑓 ∈ 𝐶0(Ω) ∩ 𝑊 1,4(Ω). Let 𝜇0 be the initial continuous
measure of the particles and 𝜋𝑓,𝜅 be the Boltzmann measure.
Let (𝑇𝑡)0≤𝑡 be the trajectories associated with Eq. 1, such
that 𝑇0 = 𝐼𝑑 and 𝜇𝑡 = 𝑇𝑡#𝜇. Then,

𝜇𝑡 ⇀𝑡 𝜋𝑓,𝜅.

We formalize some key results using the L∃∀N theorem prover [2].

Algorithm: Stein Boltzmann Sampling

Input:
𝑓 : Ω → ℝ; 𝑁 ; 𝜅; 𝜀; 𝑛; 𝜇0

Output:
𝑥, an approximation of a minimizer of 𝑓 .

Sample 𝑁  particles: 𝑋1 ← (𝑥(1), …, 𝑥(𝑁)) ∼ 𝜇⊗𝑁
0

for 𝑖 = 1 to 𝑛 do
Compute the vector field 𝜙𝜇̂𝑖

 described in Eq. 1
𝑋𝑖+1 ← 𝑋𝑖 + 𝜀𝜙𝜇̂𝑖

                                                           update the particles
𝜇̂𝑖+1 ← 1

𝑁 ∑𝑁
𝑗=1 𝛿𝑋(𝑗)

𝑖+1
                                    update the empirical measure

end for
𝑥 ← argmin

1≤𝑗≤𝑁
𝑓(𝑋(𝑗)

𝑛+1)

return 𝑥

sbs sbs%pf
Figure 3: Illustration of the behavior of sbs and its particle%filtering variant

on the Ackley function.

Experimental results

2%dimensional benchmark 50%dimensional benchmark

Figure 4: Illustration of the performance of sbs and its variants on a 2%
dimensional and a 50%dimensional benchmark.
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