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1. Pareto Front Identification for Linear Bandits
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* At each decision point, the algorithm chooses one of offers (contexts) and receives the cor-
responding vector feedback (rewards) from the customer. The goal is to find the best offer
whose rewards are on the Pareto Front.

* Applications:

— Prescribing a drug to some patients (contexts) yields multiple responses (rewards) includ-
ing efficacy, toxicity, and potentially all its side.

— Recommender systems must find some offers (contexts) that yields good feedback (re-
wards) in terms of price, design, and practicality.

 Challenging point:

— Tradeoff between exploration (inference for vector rewards) and exploitation (maximizing
the current reward)
— Unlike the best arm identification, the number of vectors on the Pareto Front is unknown.
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5. Recycling Reward Samples in the Exploration Phase

* We construct our exploration set:

Ei-1 > veel (@u=ar)> 2> T (as=ay)
&1 U{t} otherwise

gt =

* We recycle the reward sample observed in a previous exploration round by bootstrapping.
Let &(a;) = {s € & : as = a;} denote the set of previous exploration rounds where the action
a; was chosen. For the exploitation rounds 7 € [t — 1] \ &1, let n, denote time index of the
exploration sample recycled at exploitation round = and “mixed” with the chosen action a..

We “mix” the action a; with the exploration sample recycled from round n;, =
Arg MiNy,eg,a) D rep_1e,, L(r = 1), i.6. we want to balance the reuse choice over the set
Er(ay).

* We define the exploration-mixed contexts and rewards as follows:
wy, Wy ~ unif(—+/3, v/3] sampled independently,

for all ¢ € [L], and
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* Then we define the exploration-mixed estimator,

éé .—(Zaz%aza Z XT o= ]d> (Zaza 0.s + Z )
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* The dependency caused by the recycling rewards are controlled by the doubly robust esti-
mation.

2. Main Contributions

* We propose an algorithm that achieves nearly optimal sample complexity and optimal
regret bound among all algorithms that identifies all Pareto Fronts.

* We introduce a novel estimation procedure for linear bandit feedback that ensures fast con-
vergence rate for the reward vectors of all arms while largely exploiting low regret
arms.

» Experiment results show that our estimator converges on the rewards of all contexts while
exploiting low-regret arms and our algorithm achieves both Pareto Front Identification and
regret minimization.

3. Problem Formulation

*An action k € {1,..., K} =
r;, € RY. In period ¢, the decision-maker chooses an «; € [K], and observes a sample of the
random reward vector y, , = O, z,, + 1:, Where O, := (9,@, . ,9,@)

K| is associated with a known d-dimensional context vector

c R is the unknown
(but fixed) parameters and n; € R” is a mean-zero, o-sub-Gaussian random error vector.

*Let y, := Oz, denote the true mean reward vector for arm k& € [K]|. We want to identify
the Pareto front P, .= {k € [K||Pk' : yi < yi} Where a < b represents the domination, i.e.,
ay < by for all £ € |L]. The Pareto front P, is the set of arms whose mean reward vector is not
dominated by the reward of any other arm.

e Let A7 := max; ¢p, max{0, mil’lge[L](y/i? — y,<f>)} denote the amount by which each component
of the reward vector y;, must be increased to ensure that action k£ is not dominated by any
Pareto optimal action &, € P,.

* (PFI success condition) For precision ¢ > 0 and confidence § € (0,1), an algorithm must
output a set of arms P C | K| such that, with probability at least 1 — 4,

P.CP and Ay <e, forallk e P, \ P

6. Doubly Robust Estimation

» We first reduce K rewards into d + 1 rewards 57@<f> = 3 vi,kY,fﬁ) corresponding to the d
context basis v/ \u;, i =1,...,d, and de@l,t = iji.

+Then {Y;}’ : i € [d]} is missing and Y;,,, is observable. We induce the probability mass
function 7, = 1/(2d), Vi = 1,...
the randomly selected reward Y. gz, we resample both action a; and pseudo-action a; until the

{a; = d + 1} happens.

,d and 7,1 = 1/2. To couple the observed reward chf,z and

~

matching event {Y b= }

1), let /\/lt denote the event of obtaining the matching {3@(2 — ?ﬁ} within
= log((t + 1)?/¢")/log(2) number of resampling so that the event M; happens with proba-
bility at least 1 — ¢'/(t + 1)°.

* For given ¢’ € (0,

 Define new contexts z;; := v Au; for: = 1,...,d and 24,1 := z,, Then we construct the

pseudo-rewards for the missing rewards as:

(0 Ilar = 1) oy 1 500
Y'<t> = (Yz‘,<t> - xz‘T,t‘9t< >)-

L,

~

~T N

4y
» We define our DR-mix estimator as a ridge estimator using {( 4 Tis)
L, d+ 1}

t d+1 t d+1
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7. Pareto Front Identification with Regret Minimization

3.1 Theorem 1

For any algorithm, the PFI condition requires at least (¢2/3) >%_,
samples.

A5 log(3L/48) number df

1: INPUT: context matrix X = |z}, ...,z x|, accuracy parameter ¢ > 0, confidence ¢ > 0.

2. Set Ay = [K], Py =& =0 and 58@ = 0,4, for all ¢ € [L] and apply reduced SVD on X = Z 1 Ajuv T.
3: While A; #£ ) do

4 Sample i; ~ unif([d)) and a;, ~ ") and update &

5. If t € & then set a; = a;, else randomly sample a; over {k € A;_1 : k' € Ay 1, Up+ < Ui 1}

6: Compute the DR-mix estimator 6 w>and y,ii — :z:gA< ) and the estimated distances:

my(k, k') == min{a > 0|3¢ € [L]: y]i Z+oz > y]i,>t, ]\726(16 k') == min{a > 0|V € [L]: @\]igi +2¢ < @\I<j>t +a}.

7. Gompute the confidence intervals:

7Lt 56 Ldt?
Bkt = 3||x/€HFt—1(‘9maX + 0\/dlog 5 ) | A¢| > d, 3”37k||Ft—1(‘9maX + 30\/Iog 5

s: Estimate Pareto front

. |
C = {k € A_1|VK' € A 1UP_1 : my(k, k') < B 4+Bw ¢}, Pé |

) A < d

= {k € C|VK' € CUP,_\{k} : MZ(k, k)
o.  Update P « P, UPY and A; + ¢\ PV,

4. A Context Basis

elet X = [21,...,2x] € R™E denote the matrix of contexts vectors. Using the (reduced)
singular value decomposition (SVD), one can compute X = Zle \u;v, and it follows that
o] X7 = /a0 for ¢ € [L] and i € [d).

* For ¢ € |d], define a probability mass function, 7r,<f> —
for a randomized action a ~ 'Y, we have

lvik|/]|vil|1 over actions k € |K|. Then,

K K
E [HviHlsign(vm)%@} = E[ZvikYk@} — sz 2100 = T X700 = (/Au;) 6,
k=1 k=1

* Thus, Hviulsign(vm)Yai@ can be viewed as the random reward corresponding to the con-
text basis \u;. for i ~ unif([d]) yields the expected design matrix
A Nuu] = d Y mpe] that satisfies maxyeix |24 el < d. This design
yields a tighter bound than the G-optimal design that is W|der used in BAI problems.

Sampling a; ~ 7%

8. Theoretical and Experimental Results

8.1 Theorem 1

The sample complexity of our proposed method is O ( S
IS the problem-dependent gap.

Omaxt0)’ Omax+0)dL
( A2, ) 10g( A 6()5 ), where A(;@)E

8.2 Theorem 2

The cumulative regret of our proposed method is O(@maxd?’ log 5maxd - a0 60 maxd“) This rate

A*0
Is optimal among all algorithms that satisfies PFl success condition.
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Comparison of PFIwR (proposed) and MultiPFI (Auer et al.,2016) on the SW-LLVM dataset.
Both algorithms satisfies PFl success condition on all 500 independent experiments.
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