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Causal Representation Learning (CRL)

<latexit sha1_base64="x4POlxkUjz9TkQ8QDCEODZODRIM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MrsZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I9xJFjICDZWeqhG1UG54tbcOdAq8XJSgRzNQfmrP5QkjakwhGOte56bGD/DyjDC6bTUTzVNMBnjiPYsFTim2s/mp07RmVWGKJTKljBorv6eyHCs9SQObGeMzUgvezPxP6+XmvDaz5hIUkMFWSwKU46MRLO/0ZApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETuEcPLiCBtxBE1pAIIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDhr2NTw==</latexit>g<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="G8/pR9sI0eZgbOJNGBTvgoYNAhY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs2HI3E</latexit>

Zi

<latexit sha1_base64="XzykGxFxVDn5LGLipGKDe8cWFFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfRkr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs9sI3J</latexit>

Zn

<latexit sha1_base64="c3JsndHsAkHJBa5PbBl/REI1p04=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwwWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtYduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD7rNjOQ=</latexit>

Z <latexit sha1_base64="msl/X9qDA/lnLAU3kxEoSMFOz3I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSvd0rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeV7xriqX9Yty9TaPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/ALfFjOI=</latexit>

X

latent representation transformation observed data
<latexit sha1_base64="reIecQ7RB5lyxkAE0JRlbvGu7+w=">AAAB8XicbVC7SgNBFL0bXzG+Ei1tBoNgFXYFH5UELLSMYB4kWcLsZDYZMjuzzMwKYckPWFjZWChi69/Y2fsF/oBOHoVGD1w4nHMv994TxJxp47rvTmZhcWl5JbuaW1vf2NzKF7ZrWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO68HgfOzXb6jSTIprM4ypH+GeYCEj2FipmbYJ5uhi1Gl28kW35E6A/hJvRorlwtfnx92tqnTyb+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy1KBI6r9dHLxCO1bpYtCqWwJgybqz4kUR1oPo8B2Rtj09bw3Fv/zWokJT/2UiTgxVJDpojDhyEg0fh91maLE8KElmChmb0WkjxUmxoaUsyF48y//JbXDkndcOrqyaZzBFFnYhT04AA9OoAyXUIEqEBBwD4/w5GjnwXl2XqatGWc2swO/4Lx+A2FnlTQ=</latexit>

GZ
<latexit sha1_base64="GkEGLRVtZr4s7AU9CzhLU4WXprM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiFL14rGA/sF1KNs22sdlkSbJCWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuJKs2kuDfjmPoRHggWMoKNlZrtq0H54bRXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx46adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVSvTsv1a6zOPJwBMdQBg8uoAa3UIcGEHiEZ3iFN0c6L8678zFvzTnZzCH8gfP5A3JHjmg=</latexit>

X = g(Z)

<latexit sha1_base64="fj+zU+itGE5mJ155LAtvb+XXZxw=">AAACA3icdVDLSsNAFJ34rPVVdaebwVZwFZJU2+pCCm5cVrAPaEOZTCbt0MkkzEyEEgpu/BU3LhRx60+482+ctBVU9MDA4Zx7uXOOFzMqlWV9GAuLS8srq7m1/PrG5tZ2YWe3JaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21vdJn57VsiJI34jRrHxA3RgNOAYqS01C/s92QAE0mgjxSCpU4JqggGlPvnsF8oWuZZreKcOtAyLavqlCsZcaonThnaWslQBHM0+oX3nh/hJCRcYYak7NpWrNwUCUUxI5N8T9+JER6hAelqylFIpJtOM0zgkVZ8GERCP67gVP2+kaJQynHo6ckQqaH87WXiX143UUHNTSmPE0U4nh0KEpblzAqBPhUEKzbWBGFB9V8hHiKBsNK15XUJX0nh/6TlmHbFrFw7xfrFvI4cOACH4BjYoArq4Ao0QBNgcAcewBN4Nu6NR+PFeJ2NLhjznT3wA8bbJ49UljI=</latexit>

use data X to find:

2

<latexit sha1_base64="4n7Wz1diKyzKHe7CKHtlh3Q/Mvg="></latexit>

1. Z: latent random variables

2. GZ : latent causal graph

3. g: transformation



Why CRL?

3

• Robotics: learning a robot’s dynamics from images

• Genomics: learning the causal variables from gene-expressions

Downstream objectives

<latexit sha1_base64="mYSwkhV4XO0qh3Vz4oenJ3dof9A=">AAAB+HicbVDJSgNBEO2JW4xLJnr00hgET2FGcDlJwIMeI5gFM8NQ0+lJmvQsdPcIccgPePAHvHhQxKuf4s27X+APaGc5aOKDgsd7VVTV8xPOpLKsDyO3sLi0vJJfLaytb2wWzdJWQ8apILROYh6Llg+SchbRumKK01YiKIQ+p02/fzbymzdUSBZHV2qQUDeEbsQCRkBpyTOLTg8UzhwCHJ8PvWvPLFsVaww8T+wpKVdL31+f93ei5pnvTicmaUgjRThI2batRLkZCMUIp8OCk0qaAOlDl7Y1jSCk0s3Ghw/xnlY6OIiFrkjhsfp7IoNQykHo684QVE/OeiPxP6+dquDEzViUpIpGZLIoSDlWMR6lgDtMUKL4QBMggulbMemBAKJ0VgUdgj378jxpHFTso8rhpU7jFE2QRztoF+0jGx2jKrpANVRHBKXoAT2hZ+PWeDRejNdJa86YzmyjPzDefgBDtpdQ</latexit>

ĜZ

<latexit sha1_base64="O5SQToJZu42EaVMjONmd6rKZYnc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewKPk4S8OIxgnlgsoTZyWwyZnZnmekVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwupn6rSeujVDxPY4T7kd0EItQMIpWanaHFMlDr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6l1Uz+/cSu06j6MIR3AMp+DBJdTgFurQAAaP8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwAUTI7L</latexit>

Ẑ

inference

<latexit sha1_base64="U5Kmn6cCG9hCM9YUAdR+Y3rWHhU="></latexit>

Schölkopf, Locatello, Bauer, Ke, Kalchbrenner, Goyal, Bengio. ”Toward causal representation learning”
Proceedings of the IEEE 109, no. 5 (2021): 612-634.

<latexit sha1_base64="x4POlxkUjz9TkQ8QDCEODZODRIM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MrsZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I9xJFjICDZWeqhG1UG54tbcOdAq8XJSgRzNQfmrP5QkjakwhGOte56bGD/DyjDC6bTUTzVNMBnjiPYsFTim2s/mp07RmVWGKJTKljBorv6eyHCs9SQObGeMzUgvezPxP6+XmvDaz5hIUkMFWSwKU46MRLO/0ZApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETuEcPLiCBtxBE1pAIIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDhr2NTw==</latexit>g<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="G8/pR9sI0eZgbOJNGBTvgoYNAhY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs2HI3E</latexit>

Zi

<latexit sha1_base64="XzykGxFxVDn5LGLipGKDe8cWFFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfRkr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs9sI3J</latexit>

Zn

<latexit sha1_base64="c3JsndHsAkHJBa5PbBl/REI1p04=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwwWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtYduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD7rNjOQ=</latexit>

Z <latexit sha1_base64="msl/X9qDA/lnLAU3kxEoSMFOz3I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSvd0rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeV7xriqX9Yty9TaPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/ALfFjOI=</latexit>

X

<latexit sha1_base64="reIecQ7RB5lyxkAE0JRlbvGu7+w=">AAAB8XicbVC7SgNBFL0bXzG+Ei1tBoNgFXYFH5UELLSMYB4kWcLsZDYZMjuzzMwKYckPWFjZWChi69/Y2fsF/oBOHoVGD1w4nHMv994TxJxp47rvTmZhcWl5JbuaW1vf2NzKF7ZrWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO68HgfOzXb6jSTIprM4ypH+GeYCEj2FipmbYJ5uhi1Gl28kW35E6A/hJvRorlwtfnx92tqnTyb+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy1KBI6r9dHLxCO1bpYtCqWwJgybqz4kUR1oPo8B2Rtj09bw3Fv/zWokJT/2UiTgxVJDpojDhyEg0fh91maLE8KElmChmb0WkjxUmxoaUsyF48y//JbXDkndcOrqyaZzBFFnYhT04AA9OoAyXUIEqEBBwD4/w5GjnwXl2XqatGWc2swO/4Lx+A2FnlTQ=</latexit>

GZ

decisions
data-generation process



CRL Objectives

4

<latexit sha1_base64="mYSwkhV4XO0qh3Vz4oenJ3dof9A=">AAAB+HicbVDJSgNBEO2JW4xLJnr00hgET2FGcDlJwIMeI5gFM8NQ0+lJmvQsdPcIccgPePAHvHhQxKuf4s27X+APaGc5aOKDgsd7VVTV8xPOpLKsDyO3sLi0vJJfLaytb2wWzdJWQ8apILROYh6Llg+SchbRumKK01YiKIQ+p02/fzbymzdUSBZHV2qQUDeEbsQCRkBpyTOLTg8UzhwCHJ8PvWvPLFsVaww8T+wpKVdL31+f93ei5pnvTicmaUgjRThI2batRLkZCMUIp8OCk0qaAOlDl7Y1jSCk0s3Ghw/xnlY6OIiFrkjhsfp7IoNQykHo684QVE/OeiPxP6+dquDEzViUpIpGZLIoSDlWMR6lgDtMUKL4QBMggulbMemBAKJ0VgUdgj378jxpHFTso8rhpU7jFE2QRztoF+0jGx2jKrpANVRHBKXoAT2hZ+PWeDRejNdJa86YzmyjPzDefgBDtpdQ</latexit>

ĜZ

<latexit sha1_base64="O5SQToJZu42EaVMjONmd6rKZYnc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewKPk4S8OIxgnlgsoTZyWwyZnZnmekVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwupn6rSeujVDxPY4T7kd0EItQMIpWanaHFMlDr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6l1Uz+/cSu06j6MIR3AMp+DBJdTgFurQAAaP8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwAUTI7L</latexit>

Ẑ

inference

<latexit sha1_base64="x4POlxkUjz9TkQ8QDCEODZODRIM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MrsZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I9xJFjICDZWeqhG1UG54tbcOdAq8XJSgRzNQfmrP5QkjakwhGOte56bGD/DyjDC6bTUTzVNMBnjiPYsFTim2s/mp07RmVWGKJTKljBorv6eyHCs9SQObGeMzUgvezPxP6+XmvDaz5hIUkMFWSwKU46MRLO/0ZApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETuEcPLiCBtxBE1pAIIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDhr2NTw==</latexit>g<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="G8/pR9sI0eZgbOJNGBTvgoYNAhY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs2HI3E</latexit>

Zi

<latexit sha1_base64="XzykGxFxVDn5LGLipGKDe8cWFFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfRkr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs9sI3J</latexit>

Zn

<latexit sha1_base64="c3JsndHsAkHJBa5PbBl/REI1p04=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwwWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtYduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD7rNjOQ=</latexit>

Z <latexit sha1_base64="msl/X9qDA/lnLAU3kxEoSMFOz3I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSvd0rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeV7xriqX9Yty9TaPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/ALfFjOI=</latexit>

X

<latexit sha1_base64="reIecQ7RB5lyxkAE0JRlbvGu7+w=">AAAB8XicbVC7SgNBFL0bXzG+Ei1tBoNgFXYFH5UELLSMYB4kWcLsZDYZMjuzzMwKYckPWFjZWChi69/Y2fsF/oBOHoVGD1w4nHMv994TxJxp47rvTmZhcWl5JbuaW1vf2NzKF7ZrWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO68HgfOzXb6jSTIprM4ypH+GeYCEj2FipmbYJ5uhi1Gl28kW35E6A/hJvRorlwtfnx92tqnTyb+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy1KBI6r9dHLxCO1bpYtCqWwJgybqz4kUR1oPo8B2Rtj09bw3Fv/zWokJT/2UiTgxVJDpojDhyEg0fh91maLE8KElmChmb0WkjxUmxoaUsyF48y//JbXDkndcOrqyaZzBFFnYhT04AA9OoAyXUIEqEBBwD4/w5GjnwXl2XqatGWc2swO/4Lx+A2FnlTQ=</latexit>

GZ

data-generation process

<latexit sha1_base64="r1WjOO0YEXpDpk5n1LoijQ+yffk="></latexit>

1. Identifiability: Conditions for uniquely recovering Z and GZ

2. Achievability: Provably correct algorithms for recovering Z and GZ



Interventions

5

CRL is impossible without sufficient statistical diversity

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

<latexit sha1_base64="uerGEEfi1W3Zik8GKzE8X1joJN8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7F91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7rxUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP5luNjQ==</latexit>

Z5

<latexit sha1_base64="YJzzTQsw2uQvWnOh3OQPaqsX05A=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhgoTdKNGTBLx4jGAeJFmW2clsMmT2wcxsIKz5Ey8eFPHqn3jzb5wke9DEgoaiqpvuLi/mTCrL+jZya+sbm1v57cLO7t7+gXl41JRRIghtkIhHou1hSTkLaUMxxWk7FhQHHqctb3Q381tjKiSLwkc1iakT4EHIfEaw0pJrmnGp416iJ9Rx7YuOWzl3zaJVtuZAq8TOSBEy1F3zq9ePSBLQUBGOpezaVqycFAvFCKfTQi+RNMZkhAe0q2mIAyqddH75FJ1ppY/8SOgKFZqrvydSHEg5CTzdGWA1lMveTPzP6ybKv3FSFsaJoiFZLPITjlSEZjGgPhOUKD7RBBPB9K2IDLHAROmwCjoEe/nlVdKslO1qufpwVazdZnHk4QROoQQ2XEMN7qEODSAwhmd4hTcjNV6Md+Nj0Zozsplj+APj8weozpG8</latexit>

p(Z3|Z1, Z2)

<latexit sha1_base64="mqObB+OgOKoqhGM0UeWyBFgAV5Q=">AAACCHicbVDLSsNAFJ3UV42vqEsXDhbBVUlUaqEIBTcuK9gHbUKYTCbt0MnDmYlYQpdu/BU3LhRx6ye482+ctllo64ELh3Pu5d57vIRRIU3zWyssLa+srhXX9Y3Nre0dY3evJeKUY9LEMYt5x0OCMBqRpqSSkU7CCQo9Rtre8Grit+8JFzSObuUoIU6I+hENKEZSSa5xqFvQvkuRD+3Qix+yIOZ2za6NIey6Z5dd6Bols2xOAReJlZMSyNFwjS/bj3EakkhihoToWWYinQxxSTEjY91OBUkQHqI+6SkaoZAIJ5s+MobHSvGhukFVJOFU/T2RoVCIUeipzhDJgZj3JuJ/Xi+VQdXJaJSkkkR4tihIGZQxnKQCfcoJlmykCMKcqlshHiCOsFTZ6SoEa/7lRdI6LVuVcuXmvFSv5nEUwQE4AifAAhegDq5BAzQBBo/gGbyCN+1Je9HetY9Za0HLZ/bBH2ifP5Zpl8Y=</latexit>

1 for Z3 = Z
<latexit sha1_base64="u2PV58cblkF2ueL2I4VehxUs6xg=">AAACDHicbVDLSgMxFM34rOOr6tJNsAiuyoxKLXRTcOOygn3QzlAymbQNzSTTJCOWoR/gxl9x40IRt36AO//GtJ2Fth4IHM45l9x7gphRpR3n21pZXVvf2Mxt2ds7u3v7+YPDhhKJxKSOBROyFSBFGOWkrqlmpBVLgqKAkWYwvJ76zXsiFRX8To9j4keoz2mPYqSN1M0XbAd6owSF0IsC8ZD2hPQqXmUCYbt74XEygm1oUk7RmQEuEzcjBZCh1s1/eaHASUS4xgwp1XGdWPspkppiRia2lygSIzxEfdIxlKOIKD+dHTOBp0YJodnDPK7hTP09kaJIqXEUmGSE9EAtelPxP6+T6F7ZTymPE004nn/USxjUAk6bgSGVBGs2NgRhSc2uEA+QRFib/mxTgrt48jJpnBfdUrF0e1molrM6cuAYnIAz4IIrUAU3oAbqAINH8AxewZv1ZL1Y79bHPLpiZTNH4A+szx+gNJlw</latexit>

0 for Z3 6= Z

<latexit sha1_base64="YunIi0Cztwm8qOwKbPTViRtM7ac=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAbBU9gViTkGvHiMYB6QXcLspDcZMvtgpleIS77EiwdFvPop3vwbJ8keNLGgoajqprsrSKXQ6Djf1sbm1vbObmmvvH9weFSxj086OskUhzZPZKJ6AdMgRQxtFCihlypgUSChG0xu5373EZQWSfyA0xT8iI1iEQrO0EgDu+JJCNHLPSVGY6zRgV11as4CdJ24BamSAq2B/eUNE55FECOXTOu+66To50yh4BJmZS/TkDI+YSPoGxqzCLSfLw6f0QujDGmYKFMx0oX6eyJnkdbTKDCdEcOxXvXm4n9eP8Ow4eciTjOEmC8XhZmkmNB5CnQoFHCUU0MYV8LcSvmYKcbRZFU2IbirL6+TzlXNrdfq99fVZqOIo0TOyDm5JC65IU1yR1qkTTjJyDN5JW/Wk/VivVsfy9YNq5g5JX9gff4AaG6S6A==</latexit>

{ <latexit sha1_base64="FzWYSVmupdDDgMkP6xe3pT7fqwE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSvUkBS8eK9gPbJeSTbNtbDZZk6xQlv4HLx4U8er/8ea/MW33oNUHA4/3ZpiZF8ScaeO6X05uaXlldS2/XtjY3NreKe7uNbVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0dXUbz1SpZkUt2YcUz/CA8FCRrCxUvOhfNc7Pe4VS27FnQH9JV5GSpCh3it+dvuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGSVPgqlsiUMmqk/J1IcaT2OAtsZYTPUi95U/M/rJCa88FMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvvyXNE8qXrVSvTkr1S6zOPJwAIdQBg/OoQbXUIcGELiHJ3iBV0c6z86b8z5vzTnZzD78gvPxDXv4jms=</latexit>

q(Z3)
<latexit sha1_base64="Xo/79SUwSmVQCzCBQFoVQeTkazQ=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSBEkLAbJXqSgBePEcyDJMsyO5lNhsw+nJkNhDV/4sWDIl79E2/+jZNkD5pY0FBUddPd5cWcSWVZ38bK6tr6xmZuK7+9s7u3bx4cNmSUCELrJOKRaHlYUs5CWldMcdqKBcWBx2nTG95O/eaICsmi8EGNY+oEuB8ynxGstOSa5mOx7V6gJ9R27fO2Wz5zzYJVsmZAy8TOSAEy1Fzzq9uLSBLQUBGOpezYVqycFAvFCKeTfDeRNMZkiPu0o2mIAyqddHb5BJ1qpYf8SOgKFZqpvydSHEg5DjzdGWA1kIveVPzP6yTKv3ZSFsaJoiGZL/ITjlSEpjGgHhOUKD7WBBPB9K2IDLDAROmw8joEe/HlZdIol+xKqXJ/WajeZHHk4BhOoAg2XEEV7qAGdSAwgmd4hTcjNV6Md+Nj3rpiZDNH8AfG5w+qYZG9</latexit>

q(Z3|Z1, Z2)

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

<latexit sha1_base64="uerGEEfi1W3Zik8GKzE8X1joJN8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7F91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7rxUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP5luNjQ==</latexit>

Z5

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

<latexit sha1_base64="uerGEEfi1W3Zik8GKzE8X1joJN8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7F91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7rxUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP5luNjQ==</latexit>

Z5

observational do hard (perfect) so4 (imperfect)

<latexit sha1_base64="tbQj72ydPE4KDNVKhA34ykgxleY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5gG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPpg4PHeDDPzgkQKg6775RRWVtfWN4qbpa3tnd298v5By8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp757UeujYjVPU4S7kd0qEQoGEUr3T30vX654lbdOchf4uWkAjka/fJnbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JiVUGJIy1LYVkrv6cyGhkzCQKbGdEcWSWvZn4n9dNMbz0M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWX/5LWWdWrVWu355X6VR5HEY7gGE7Bgwuoww00oAkMhvAEL/DqSOfZeXPeF60FJ585hF9wPr4B4EuNiQ==</latexit>

Z1
<latexit sha1_base64="tKxvKB0t261QznDCX7VlFawNFF8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiZ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSrJS9arl6d1GqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH4c+Nig==</latexit>

Z2

<latexit sha1_base64="UBkWY9guEcztCvrfJhgQvx1Tnso=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyqRE8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7591iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7qJUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP41ONiw==</latexit>

Z3
<latexit sha1_base64="PayLES7XFRLdsKk1Axgkkzc9gT8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiJ4k4MVjRPPAZAmzk9lkyOzsMtMrhJBP8OJBEa9+kTf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Gbmt564NiJWDzhOuB/RgRKhYBStdP/Yq/SKJbfszkFWiZeREmSo94pf3X7M0ogrZJIa0/HcBP0J1SiY5NNCNzU8oWxEB7xjqaIRN/5kfuqUnFmlT8JY21JI5urviQmNjBlHge2MKA7NsjcT//M6KYZX/kSoJEWu2GJRmEqCMZn9TfpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSvCh71XL1rlKqXWdx5OEETuEcPLiEGtxCHRrAYADP8ApvjnRenHfnY9Gac7KZY/gD5/MH5NeNjA==</latexit>

Z4

<latexit sha1_base64="uerGEEfi1W3Zik8GKzE8X1joJN8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRk8S8OIxonlgsoTZSScZMju7zMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0limGdRSJSrYBqFFxi3XAjsBUrpGEgsBmMbqZ+8wmV5pF8MOMY/ZAOJO9zRo2V7h+7F91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZqRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP6Vn3IZJwYlmy/qJ4KYiEz/Jj2ukBkxtoQyxe2thA2poszYdAo2BG/x5WXSOCt7lXLl7rxUvc7iyMMRHMMpeHAJVbiFGtSBwQCe4RXeHOG8OO/Ox7w152Qzh/AHzucP5luNjQ==</latexit>

Z5

5



Latent Models
General

Transform
Parametric

Latent Models
Parametric

Transform
General

[1] von Kügelgen et al. Nonparametric identifiability of causal representations from unknown interventions”. NeurIPS 2023
[2] Ahuja et al. “Interventional causal representation learning”. ICML 2023
[3] Squires et al. “Linear causal disentanglement via interventions”. ICML 2023
[4] Buchholz et al. “Learning linear causal representations from interventions under general nonlinear mixing”. NeurIPS 2023
[5] Zhang et al. “Identifiability guarantees for causal disentanglement from soft interventions”. NeurIPS 2023 
[6] Jin and Syrgkanis. “Learning Causal Representations from General Environments: Identifiability and Intrinsic Ambiguity” 

Partial ID + Algo. [3,6]

Hard: Perfect ID + Algo [3]

Partial ID + Algo. [4]

Hard: Perfect ID + Algo [4]

State of CRL under Soft Interventions
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Partial ID + Algo. [2,5]

do: Perfect ID + Algo [2]

----

Hard: Perfect ID [1]



Transform Interventions Main results

What Score-based CRL can do?

Latent model

General Two hardGeneral 
1. perfect ID 

2. provably correct algo

Linear One hardGeneral 
1. perfect ID 

2. provably correct algo

Linear One softGeneral 
1. ID up to ancestors

2. provably correct algo
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Connection to Score Difference
<latexit sha1_base64="Fy6wTVKXniNofW64q+SyMF3f8IA=">AAAB9XicdVBNS8NAEN3Ur1q/qh69LBbBU0mKxBY8FLx4rGA/oIlls920SzebsDtRSuj/8OJBEa/+F2/+GzdtBRV9MPB4b4aZeUEiuAbb/rAKK6tr6xvFzdLW9s7uXnn/oKPjVFHWprGIVS8gmgkuWRs4CNZLFCNRIFg3mFzmfveOKc1jeQPThPkRGUkeckrASLeeYCF4maf4aAzVQbliV20D18U5ceq2Y0ijUa/VGtiZW7ZdQUu0BuV3bxjTNGISqCBa9x07AT8jCjgVbFbyUs0SQidkxPqGShIx7Wfzq2f4xChDHMbKlAQ8V79PZCTSehoFpjMiMNa/vVz8y+unENb9jMskBSbpYlGYCgwxziPAQ64YBTE1hFDFza2YjokiFExQJRPC16f4f9KpVR236l6fVZoXyziK6Agdo1PkoHPURFeohdqIIoUe0BN6tu6tR+vFel20FqzlzCH6AevtE+4fks4=</latexit> {

<latexit sha1_base64="ZjQLQOXXFaB40Sgiim6EiF7dsYQ=">AAAB9XicdVDLSgNBEJyNrxhfUY9eBoPgadls4iaCh4AXjxHMA7IxzE5mkyGzD2Z6lbDkP7x4UMSr/+LNv3E2iaCiBQ1FVTfdXV4suALL+jByK6tr6xv5zcLW9s7uXnH/oK2iRFLWopGIZNcjigkeshZwEKwbS0YCT7CON7nM/M4dk4pH4Q1MY9YPyCjkPqcEtHTrCuaDm7qSj8ZgDoolyzyvO/aZjS3Tsmp2xcmIXavaFVzWSoYSWqI5KL67w4gmAQuBCqJUr2zF0E+JBE4FmxXcRLGY0AkZsZ6mIQmY6qfzq2f4RCtD7EdSVwh4rn6fSEmg1DTwdGdAYKx+e5n4l9dLwK/3Ux7GCbCQLhb5icAQ4SwCPOSSURBTTQiVXN+K6ZhIQkEHVdAhfH2K/ydt2yw7pnNdLTUulnHk0RE6RqeojGqoga5QE7UQRRI9oCf0bNwbj8aL8bpozRnLmUP0A8bbJ/nDktU=</latexit>{
<latexit sha1_base64="lZsxZO4OqRiiAnzQCbApuENJeNA="></latexit>

p(Z) = p3(z3 | zpa(3))
Y

i 6=3

pi(zi | zpa(i))

<latexit sha1_base64="T/G6dsRPvOLT9WjVi3AQkfllr8I="></latexit>

=

2

6666664

0
0
x
0
x
0

3

7777775

<latexit sha1_base64="wJbUoGb1EpHMP8SZYpGIaecHVZY=">AAACD3icbZDLSgMxFIYz9VbrrerSTbBVXJWZgpeFi4IblxXsBdqhZDJn2tBMMiQZoZS+gRtfxY0LRdy6defbmE670NYfAh//OSfJ+YOEM21c99vJrayurW/kNwtb2zu7e8X9g6aWqaLQoJJL1Q6IBs4ENAwzHNqJAhIHHFrB8GZabz2A0kyKezNKwI9JX7CIUWKs1SuednWEqZQqZIIY0FhGOCEKhMlQyBBwmZV7xZJbcTPhZfDmUEJz1XvFr24oaRrbiygnWnc8NzH+mCjDKIdJoZtqSAgdkj50LAoSg/bH2T4TfGKdEEdS2SMMztzfE2MSaz2KA9sZEzPQi7Wp+V+tk5royh8zkaQGBJ09FKUcG4mn4eCQKaCGjywQqpj9K6YDogg1NsKCDcFbXHkZmtWKd1E5v6uWatfzOPLoCB2jM+ShS1RDt6iOGoiiR/SMXtGb8+S8OO/Ox6w158xnDtEfOZ8/mnmbtw==</latexit>

coordinates of parents of node i

<latexit sha1_base64="ySw6a6lbk+UhRWkzsmbaZk5swSA="></latexit>

p3(z3 | zpa(3))
<latexit sha1_base64="VkI/R430scWO0GI83ejASlHP3do="></latexit>

q3(z3 | zpa(3))
<latexit sha1_base64="QLkYrvgUURziFy7c5IC8JqZZGko=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5UooVFwMYyovnA5Ah7m0myZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6f6xe94tltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0b9LjCpkRY0soU9zeStiQKsqMTadgQ/AWX14mjbOyVylX7i5K1essjjwcwTGcggeXUIVbqEEdGAzgGV7hzRHOi/PufMxbc042cwh/4Hz+AOK5jYk=</latexit>

Z3
<latexit sha1_base64="QLkYrvgUURziFy7c5IC8JqZZGko=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5UooVFwMYyovnA5Ah7m0myZG/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6GbqN59QaR7JBzOO0Q/pQPI+Z9RY6f6xe94tltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTohJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0b9LjCpkRY0soU9zeStiQKsqMTadgQ/AWX14mjbOyVylX7i5K1essjjwcwTGcggeXUIVbqEEdGAzgGV7hzRHOi/PufMxbc042cwh/4Hz+AOK5jYk=</latexit>

Z3

<latexit sha1_base64="dyoXZ7VQtQisXevXhOQErhF2YC4=">AAAB63icdVBNSwMxEJ31s9avqkcvwSLUS8kWWdtb0YvHCvYD26Vk07QNTXaXJCuUpX/BiwdFvPqHvPlvzLYVVPTBwOO9GWbmBbHg2mD84aysrq1vbOa28ts7u3v7hYPDlo4SRVmTRiJSnYBoJnjImoYbwTqxYkQGgrWDyVXmt++Z0jwKb800Zr4ko5APOSUmk3Tp7qxfKOIytvA8lBG3il1LarVqpVJD7tzCuAhLNPqF994goolkoaGCaN11cWz8lCjDqWCzfC/RLCZ0Qkasa2lIJNN+Or91hk6tMkDDSNkKDZqr3ydSIrWeysB2SmLG+reXiX953cQMq37KwzgxLKSLRcNEIBOh7HE04IpRI6aWEKq4vRXRMVGEGhtP3obw9Sn6n7QqZdcrezfnxfrlMo4cHMMJlMCFC6jDNTSgCRTG8ABP8OxI59F5cV4XrSvOcuYIfsB5+wSte44I</latexit>

s(Z)
<latexit sha1_base64="fxsFwqUQ3j3+ErNbcziixZ18Zf8=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1E5K0pnVXdOOygn1gG8tkOmnHTiZhZiKU0H9w40IRt/6PO//GSVtBRQ9cOJxzL/fe48eMSmVZH8bS8srq2npuI7+5tb2zW9jbb8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH19kfvueCEkjfq0mMfFCNOQ0oBgpLbXkbbl0c9IvFC3zrOY6pw60TMuqOmU3I0614pShrZUMRbBAo1947w0inISEK8yQlF3bipWXIqEoZmSa7yWSxAiP0ZB0NeUoJNJLZ9dO4bFWBjCIhC6u4Ez9PpGiUMpJ6OvOEKmR/O1l4l9eN1FBzUspjxNFOJ4vChIGVQSz1+GACoIVm2iCsKD6VohHSCCsdEB5HcLXp/B/0nJM2zXdq0qxfr6IIwcOwREoARtUQR1cggZoAgzuwAN4As9GZDwaL8brvHXJWMwcgB8w3j4B4b+OtA==</latexit>

s3(Z) 8

<latexit sha1_base64="hg0oNkyid/+cs6nJmWC8QjZ18dY="></latexit>

p3(Z) = q3(z3 | zpa(3))
Y

i 6=3

pi(zi | zpa(i))

<latexit sha1_base64="N63WuOdn56Fl07D9hd02s2Sy5f0="></latexit>

rz log p(Z)�rz log p
3(Z)



Score Difference Properties

<latexit sha1_base64="KZD9okg2TqxxInc2tymDJaMaq70="></latexit>

s(z)� si(z) = rzpi(zi | zpa(i))�rzqi(zi | zpa(i))
<latexit sha1_base64="8ucSeMKaeiWDQrxkN8GbNevVR0k=">AAACEXicbVC7SgNBFJ31GeMramkzmAixCbspooVCwMYygnlAdgmzk9lkyDyWmVkhLvsLNv6KjYUitnZ2/o2TR6GJBy4czrmXe+8JY0a1cd1vZ2V1bX1jM7eV397Z3dsvHBy2tEwUJk0smVSdEGnCqCBNQw0jnVgRxENG2uHoeuK374nSVIo7M45JwNFA0IhiZKzUK5R9HcErGCUCTwQoIygFG8PSQy9NfcVhjLIyPctKvULRrbhTwGXizUkRzNHoFb78vsQJJ8JghrTuem5sghQpQzEjWd5PNIkRHqEB6VoqECc6SKcfZfDUKn0YSWVLGDhVf0+kiGs95qHt5MgM9aI3Ef/zuomJLoKUijgxRODZoihh0Eg4iQf2qSLY2AD6FGFF7a0QD5FC2NgQ8zYEb/HlZdKqVrxapXZbLdYv53HkwDE4AWXggXNQBzegAZoAg0fwDF7Bm/PkvDjvzsesdcWZzxyBP3A+fwCmrZxE</latexit>

= function of only zpa(i)

Two properties:

non-zero coordinates of score difference = parents of intervention target

estimated score differences cannot be sparser than true score differences  

9



Score-based CRL

<latexit sha1_base64="Gt15MMTflBNUk0WWmrhF9GCcqNM="></latexit>

incorrect encoder, i.e., h(g(Z)) 6= Z ! s(ẑ)� si(ẑ) not a function of only zpa(i)

<latexit sha1_base64="8pIb1SDIhg2As7UK+flUzR99VXk="></latexit>

correct encoder, i.e., h(g(Z)) = Z ! s(ẑ)� si(ẑ) function of only zpa(i)

<latexit sha1_base64="mYSwkhV4XO0qh3Vz4oenJ3dof9A=">AAAB+HicbVDJSgNBEO2JW4xLJnr00hgET2FGcDlJwIMeI5gFM8NQ0+lJmvQsdPcIccgPePAHvHhQxKuf4s27X+APaGc5aOKDgsd7VVTV8xPOpLKsDyO3sLi0vJJfLaytb2wWzdJWQ8apILROYh6Llg+SchbRumKK01YiKIQ+p02/fzbymzdUSBZHV2qQUDeEbsQCRkBpyTOLTg8UzhwCHJ8PvWvPLFsVaww8T+wpKVdL31+f93ei5pnvTicmaUgjRThI2batRLkZCMUIp8OCk0qaAOlDl7Y1jSCk0s3Ghw/xnlY6OIiFrkjhsfp7IoNQykHo684QVE/OeiPxP6+dquDEzViUpIpGZLIoSDlWMR6lgDtMUKL4QBMggulbMemBAKJ0VgUdgj378jxpHFTso8rhpU7jFE2QRztoF+0jGx2jKrpANVRHBKXoAT2hZ+PWeDRejNdJa86YzmyjPzDefgBDtpdQ</latexit>

ĜZ

<latexit sha1_base64="O5SQToJZu42EaVMjONmd6rKZYnc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewKPk4S8OIxgnlgsoTZyWwyZnZnmekVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwupn6rSeujVDxPY4T7kd0EItQMIpWanaHFMlDr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6l1Uz+/cSu06j6MIR3AMp+DBJdTgFurQAAaP8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwAUTI7L</latexit>

Ẑ

inference

<latexit sha1_base64="x4POlxkUjz9TkQ8QDCEODZODRIM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MrsZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I9xJFjICDZWeqhG1UG54tbcOdAq8XJSgRzNQfmrP5QkjakwhGOte56bGD/DyjDC6bTUTzVNMBnjiPYsFTim2s/mp07RmVWGKJTKljBorv6eyHCs9SQObGeMzUgvezPxP6+XmvDaz5hIUkMFWSwKU46MRLO/0ZApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETuEcPLiCBtxBE1pAIIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDhr2NTw==</latexit>g<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="G8/pR9sI0eZgbOJNGBTvgoYNAhY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs2HI3E</latexit>

Zi

<latexit sha1_base64="XzykGxFxVDn5LGLipGKDe8cWFFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfRkr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs9sI3J</latexit>

Zn

<latexit sha1_base64="c3JsndHsAkHJBa5PbBl/REI1p04=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwwWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtYduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD7rNjOQ=</latexit>

Z <latexit sha1_base64="msl/X9qDA/lnLAU3kxEoSMFOz3I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSvd0rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeV7xriqX9Yty9TaPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/ALfFjOI=</latexit>

X

<latexit sha1_base64="reIecQ7RB5lyxkAE0JRlbvGu7+w=">AAAB8XicbVC7SgNBFL0bXzG+Ei1tBoNgFXYFH5UELLSMYB4kWcLsZDYZMjuzzMwKYckPWFjZWChi69/Y2fsF/oBOHoVGD1w4nHMv994TxJxp47rvTmZhcWl5JbuaW1vf2NzKF7ZrWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO68HgfOzXb6jSTIprM4ypH+GeYCEj2FipmbYJ5uhi1Gl28kW35E6A/hJvRorlwtfnx92tqnTyb+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy1KBI6r9dHLxCO1bpYtCqWwJgybqz4kUR1oPo8B2Rtj09bw3Fv/zWokJT/2UiTgxVJDpojDhyEg0fh91maLE8KElmChmb0WkjxUmxoaUsyF48y//JbXDkndcOrqyaZzBFFnYhT04AA9OoAyXUIEqEBBwD4/w5GjnwXl2XqatGWc2swO/4Lx+A2FnlTQ=</latexit>

GZ

data-generation process

<latexit sha1_base64="R/LACZsU256PBSmgZ3BQKl/EHKg=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Bj1S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5odOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDZFG4K3/PIqaV1WvGql2rgq127zOApwCmdwAR5cQw3uoQ5NYIDwDK/w5jw6L86787FoXXPymRP4A+fzB8+9jPE=</latexit>

h

10

<latexit sha1_base64="AxOIWpARkCdE9BptNXErCVDSE9E=">AAACG3icbVC7SgNBFJ2NrxhfUUstBoMQm7Ab8FFYBGwsI5gHyS5hdjLJDpl9MHNXDUu+Ia2Nv2KhhSJWgoUfYu/kUWjigQuHc+7l3nvcSHAFpvllpBYWl5ZX0quZtfWNza3s9k5VhbGkrEJDEcq6SxQTPGAV4CBYPZKM+K5gNbd3MfJrN0wqHgbX0I+Y45NuwDucEtBSK1tsYPtO8q4HRMrwtukk3QGuz2reANseAdzIe0e4lc2ZBXMMPE+sKcmV9od2/vtpWG5lP+x2SGOfBUAFUappmRE4CZHAqWCDjB0rFhHaI13W1DQgPlNOMv5tgA+10sadUOoKAI/V3xMJ8ZXq+67u9Al4atYbif95zRg6Z07CgygGFtDJok4sMIR4FBRuc8koiL4mhEqub8XUI5JQ0HFmdAjW7MvzpFosWCeF4ysrVzpHE6TRHjpAeWShU1RCl6iMKoiie/SIXtCr8WA8G2/G+6Q1ZUxndtEfGJ8/sE+k3A==</latexit>

Z
g�! X

h�! Ẑ(h)



Score-based CRL

<latexit sha1_base64="mYSwkhV4XO0qh3Vz4oenJ3dof9A=">AAAB+HicbVDJSgNBEO2JW4xLJnr00hgET2FGcDlJwIMeI5gFM8NQ0+lJmvQsdPcIccgPePAHvHhQxKuf4s27X+APaGc5aOKDgsd7VVTV8xPOpLKsDyO3sLi0vJJfLaytb2wWzdJWQ8apILROYh6Llg+SchbRumKK01YiKIQ+p02/fzbymzdUSBZHV2qQUDeEbsQCRkBpyTOLTg8UzhwCHJ8PvWvPLFsVaww8T+wpKVdL31+f93ei5pnvTicmaUgjRThI2batRLkZCMUIp8OCk0qaAOlDl7Y1jSCk0s3Ghw/xnlY6OIiFrkjhsfp7IoNQykHo684QVE/OeiPxP6+dquDEzViUpIpGZLIoSDlWMR6lgDtMUKL4QBMggulbMemBAKJ0VgUdgj378jxpHFTso8rhpU7jFE2QRztoF+0jGx2jKrpANVRHBKXoAT2hZ+PWeDRejNdJa86YzmyjPzDefgBDtpdQ</latexit>

ĜZ

<latexit sha1_base64="O5SQToJZu42EaVMjONmd6rKZYnc=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewKPk4S8OIxgnlgsoTZyWwyZnZnmekVwpJ/8OJBEa/+jzf/xkmyB00saCiquunuChIpDLrut1NYWV1b3yhulra2d3b3yvsHTaNSzXiDKal0O6CGSxHzBgqUvJ1oTqNA8lYwupn6rSeujVDxPY4T7kd0EItQMIpWanaHFMlDr1xxq+4MZJl4OalAjnqv/NXtK5ZGPEYmqTEdz03Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvmZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RC8xZeXSfOs6l1Uz+/cSu06j6MIR3AMp+DBJdTgFurQAAaP8Ayv8OYo58V5dz7mrQUnnzmEP3A+fwAUTI7L</latexit>

Ẑ

inference

<latexit sha1_base64="x4POlxkUjz9TkQ8QDCEODZODRIM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MrsZMjuzzMwKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I9xJFjICDZWeqhG1UG54tbcOdAq8XJSgRzNQfmrP5QkjakwhGOte56bGD/DyjDC6bTUTzVNMBnjiPYsFTim2s/mp07RmVWGKJTKljBorv6eyHCs9SQObGeMzUgvezPxP6+XmvDaz5hIUkMFWSwKU46MRLO/0ZApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETuEcPLiCBtxBE1pAIIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDhr2NTw==</latexit>g<latexit sha1_base64="P8tdODjE+Ccd0sgUfyQHLZQF3qg=">AAAB6nicbVDLSgNBEOz1GVejUY9eBkPAU9gV1BwDgniMaB6YLGF2MpsMmZldZmaFsOQTvHhQxKv4IX6CN//GyeOgiQUNRVU33V1hwpk2nvftrKyurW9s5rbc7Z387l5h/6Ch41QRWicxj1UrxJpyJmndMMNpK1EUi5DTZji8nPjNB6o0i+WdGSU0ELgvWcQINla6ve/63ULRK3tToGXiz0mxmv9MS1fuR61b+Or0YpIKKg3hWOu27yUmyLAyjHA6djuppgkmQ9ynbUslFlQH2fTUMSpZpYeiWNmSBk3V3xMZFlqPRGg7BTYDvehNxP+8dmqiSpAxmaSGSjJbFKUcmRhN/kY9pigxfGQJJorZWxEZYIWJsem4NgR/8eVl0jgt++flsxubRgVmyMERHMMJ+HABVbiGGtSBQB8e4RleHO48Oa/O26x1xZnPHMIfOO8/Y6OQHQ==</latexit>

Z1

<latexit sha1_base64="5uXesc7yCRnlkRqMtXEN/AviWBs=">AAAB6nicbVBNS8NAEJ3UrxqtVj16WSwFTyUpqD0WBPFY0X5gG8pmu2mXbjZhdyOU0J/gxYMiXsUf4k/w5r9x0/agrQ8GHu/NMDPPjzlT2nG+rdza+sbmVn7b3tkt7O0XDw5bKkokoU0S8Uh2fKwoZ4I2NdOcdmJJcehz2vbHl5nffqBSsUjc6UlMvRAPBQsYwdpIt/f9ar9YcirODGiVuAtSqhc+k/KV/dHoF796g4gkIRWacKxU13Vi7aVYakY4ndq9RNEYkzEe0q6hAodUeens1CkqG2WAgkiaEhrN1N8TKQ6VmoS+6QyxHqllLxP/87qJDmpeykScaCrIfFGQcKQjlP2NBkxSovnEEEwkM7ciMsISE23SsU0I7vLLq6RVrbjnlbMbk0YN5sjDMZzAKbhwAXW4hgY0gcAQHuEZXixuPVmv1tu8NWctZo7gD6z3H2UnkB4=</latexit>

Z2

<latexit sha1_base64="G8/pR9sI0eZgbOJNGBTvgoYNAhY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfR4r1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs2HI3E</latexit>

Zi

<latexit sha1_base64="XzykGxFxVDn5LGLipGKDe8cWFFk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5oHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNFrQUFR1090VJIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nvqtR1Sax/LejBP0IzqQPOSMGivdPfRkr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYP6PKcCZwUuqmGhPKRnSAHUsljVD72ezUCTmySp+EsbIlDZmpPycyGmk9jgLbGVEz1IveVPzP66QmvPQzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2nZEPwFl/+S5onVe+8enZ7Wqld5XEU4QAO4Rg8uIAa3EAdGsBgAE/wAq+OcJ6dN+d93lpw8pl9+AXn4xs9sI3J</latexit>

Zn

<latexit sha1_base64="c3JsndHsAkHJBa5PbBl/REI1p04=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr5MEvHhMwDwwWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80jem3GMfkgHkvc5o8ZKtYduseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD7rNjOQ=</latexit>

Z <latexit sha1_base64="msl/X9qDA/lnLAU3kxEoSMFOz3I=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdZKAF48JmAckS5id9CZjZmeXmVkhLPkCLx4U8eonefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju6nfekKleSwfzDhBP6IDyUPOqLFSvd0rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IQ3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeV7xriqX9Yty9TaPowDHcAJn4ME1VOEeatAABgjP8ApvzqPz4rw7H/PWFSefOYI/cD5/ALfFjOI=</latexit>

X

<latexit sha1_base64="reIecQ7RB5lyxkAE0JRlbvGu7+w=">AAAB8XicbVC7SgNBFL0bXzG+Ei1tBoNgFXYFH5UELLSMYB4kWcLsZDYZMjuzzMwKYckPWFjZWChi69/Y2fsF/oBOHoVGD1w4nHMv994TxJxp47rvTmZhcWl5JbuaW1vf2NzKF7ZrWiaK0CqRXKpGgDXlTNCqYYbTRqwojgJO68HgfOzXb6jSTIprM4ypH+GeYCEj2FipmbYJ5uhi1Gl28kW35E6A/hJvRorlwtfnx92tqnTyb+2uJElEhSEca93y3Nj4KVaGEU5HuXaiaYzJAPdoy1KBI6r9dHLxCO1bpYtCqWwJgybqz4kUR1oPo8B2Rtj09bw3Fv/zWokJT/2UiTgxVJDpojDhyEg0fh91maLE8KElmChmb0WkjxUmxoaUsyF48y//JbXDkndcOrqyaZzBFFnYhT04AA9OoAyXUIEqEBBwD4/w5GjnwXl2XqatGWc2swO/4Lx+A2FnlTQ=</latexit>

GZ

data-generation process

<latexit sha1_base64="R/LACZsU256PBSmgZ3BQKl/EHKg=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4J4cgvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LBzNJ0I/oUPKQM2qs1Bj1S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5odOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmX5MBV8iMmFhCmeL2VsJGVFFmbDZFG4K3/PIqaV1WvGql2rgq127zOApwCmdwAR5cQw3uoQ5NYIDwDK/w5jw6L86787FoXXPymRP4A+fzB8+9jPE=</latexit>

h

<latexit sha1_base64="AxOIWpARkCdE9BptNXErCVDSE9E=">AAACG3icbVC7SgNBFJ2NrxhfUUstBoMQm7Ab8FFYBGwsI5gHyS5hdjLJDpl9MHNXDUu+Ia2Nv2KhhSJWgoUfYu/kUWjigQuHc+7l3nvcSHAFpvllpBYWl5ZX0quZtfWNza3s9k5VhbGkrEJDEcq6SxQTPGAV4CBYPZKM+K5gNbd3MfJrN0wqHgbX0I+Y45NuwDucEtBSK1tsYPtO8q4HRMrwtukk3QGuz2reANseAdzIe0e4lc2ZBXMMPE+sKcmV9od2/vtpWG5lP+x2SGOfBUAFUappmRE4CZHAqWCDjB0rFhHaI13W1DQgPlNOMv5tgA+10sadUOoKAI/V3xMJ8ZXq+67u9Al4atYbif95zRg6Z07CgygGFtDJok4sMIR4FBRuc8koiL4mhEqub8XUI5JQ0HFmdAjW7MvzpFosWCeF4ysrVzpHE6TRHjpAeWShU1RCl6iMKoiie/SIXtCr8WA8G2/G+6Q1ZUxndtEfGJ8/sE+k3A==</latexit>

Z
g�! X

h�! Ẑ(h)

Provably correct algorithm for unsupervised learning
(small variations for each setting) 11

<latexit sha1_base64="5ty/99wNk15qrenRimIhANC/Oeo="></latexit>

min
h

��estimated score di↵erence vector
��
0



Score Estimation

12

<latexit sha1_base64="JLCSR2mVDeS2PZZz/5LTDiMQHDc="></latexit>

s(ẑ)� si(ẑ) = [Jdecoder(ẑ)]>[sX(x)� siX(x)]

<latexit sha1_base64="DVTQ6OnGyNvRbY3ok5oXUHq1dX8="></latexit>

Q: How to compute [s(ẑ)� si(ẑ)] using X?

<latexit sha1_base64="7G7ZhE7T0yN52ExQWpwz2ngj9Z4=">AAACIHicbVBNTwIxEO3iF+IX6tFLIzHxItnlAMaLJF70BomACRDS7c5iQ7fdtF0MIfwUL/4VLx40Rm/6a+wCBwUnafLy3puZzvNjzrRx3S8ns7K6tr6R3cxtbe/s7uX3D5paJopCg0ou1Z1PNHAmoGGY4XAXKyCRz6HlD65SvTUEpZkUt2YUQzcifcFCRomxVC9f6egQ1y/wjcYDIR+Y6GMmDKghiNRwJmQAmGjN+iKylMYCIIDgspcvuEV3WngZeHNQQPOq9fKfnUDSJB1CuR3Y9tzYdMdEGUY5THKdRENM6ID0oW2hIBHo7nh64ASfWCbAoVT2CYOn7O+OMYm0HkW+dUbE3OtFLSX/09qJCc+7YybixICgs0VhwrGROE0LB0wBNXxkAaGK2b9iek8UoTYinbMheIsnL4NmqeiVi+V6qVCtzuPIoiN0jE6Rhyqoiq5RDTUQRY/oGb2iN+fJeXHenY+ZNePMew7Rn3K+fwCzUKNZ</latexit>

Q: Is knowing intervention-node assignments needed?
<latexit sha1_base64="NTjauxbq3kDPNXZyNVJ3MK2djC8="></latexit>

A: No – knowing that each node is intervened in one environment is su�cient

<latexit sha1_base64="w4LDduN7vegjUazU+/9Z+tWOngQ=">AAACF3icbVDLSgMxFM3UV62vUZdugkVwVWa6qOLGghuXLdhWaEvJpHfa0MxkSO4IZehfuPFX3LhQxK3u/BvTx0JbDwQO59yb5JwgkcKg5307ubX1jc2t/HZhZ3dv/8A9PGoalWoODa6k0vcBMyBFDA0UKOE+0cCiQEIrGN1M/dYDaCNUfIfjBLoRG8QiFJyhlXpuqWNCWr+irSFDarjSQMGgiGY2ZXKgtMBhRFHR1MB1zy16JW 8Gukr8BSmSBWo996vTVzyNIEYumTFt30uwmzGNgkuYFDr21oTxERtA29KYRWC62SzXhJ5ZpU9Dpe2Jkc7U3xsZi4wZR4GdtB8emmVvKv7ntVMML7uZiJMUIebzh8JUTlNOS6J9oYGjHFvCuC1AcMqHTDOOtsqCLcFfjrxKmuWSXylV6uVitbqoI09OyCk5Jz65IFVyS2qkQTh5JM/klbw5T86L8+58zEdzzmLnmPyB8/kDCtufQQ==</latexit>

Q: What score estimation algorithm to use?
<latexit sha1_base64="COaH3FW13X+ULTXf8NlEfuEBg1c="></latexit>

A: the design is agnostic to the choice – we are using sliced score matching



General Transform + General Latent + 2 Hard

Note: von Kügelgen’2023: coupled two hard + faithfulness (for all candidates) = Perfect ID 

Theorem : Observational data and two hard interventions/node   =  Perfect ID + Algorithm

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .
<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . . <latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .

<latexit sha1_base64="g4lL3mIEIuCNSzRbzWRkq+YNmgk="></latexit>. . .
<latexit sha1_base64="CnXeBc4unRpe2tipLTZXTUaPFD4=">AAAB6nicbZDLSgMxFIbP1Futt1ZX0k2wCK7KjOBl4aLgxmWL9oLtUDJppg1NMkOSEcrQR3DjQhG3Po8Ld/o0ppeFtv4Q+Pj/c8g5J4g508Z1v5zMyura+kZ2M7e1vbO7ly/sN3SUKELrJOKRagVYU84krRtmOG3FimIRcNoMhteTvPlAlWaRvDOjmPoC9yULGcHGWrf3XdbNl9yyOxVaBm8OpUqhU/yuHX5Uu/nPTi8iiaDSEI61bntubPwUK8MIp+NcJ9E0xmSI+7RtUWJBtZ9ORx2jY+v0UBgp+6RBU/d3R4qF1iMR2EqBzUAvZhPzv6ydmPDST5mME0MlmX0UJhyZCE32Rj2mKDF8ZAETxeysiAywwsTY6+TsEbzFlZehcVr2zstnNa9UuYKZslCEIzgBDy6gAjdQhToQ6MMjPMOLw50n59V5m5VmnHnPAfyR8/4DB6OQlQ==</latexit>

Zi

<latexit sha1_base64="q9nozgCEckol7al6Sc3BmSiQPXk=">AAACCnicbVC7SgNBFJ31GeMraqnFaBBiE3YFH4VFwMZSwaiQDcvs5CYZMvtw5q4Yl9Q2Qr7ExkIRO/EL7PwQeyePQhMPXDicc+/MvcePpdBo21/WxOTU9MxsZi47v7C4tJxbWb3QUaI4lHkkI3XlMw1ShFBGgRKuYgUs8CVc+q3jnn95A0qLKDzHdgzVgDVCURecoZG83KaLcIv9d1JfJtBJXRSyBvTaE4U7T+x0vFzeLtp90HHiDEm+tNF1C9/v3VMv9+nWIp4EECKXTOuKY8dYTZlCwSV0sm6iIWa8xRpQMTRkAehq2l+hQ7eNUqP1SJkKkfbV3xMpC7RuB77pDBg29ajXE//zKgnWD6upCOMEIeSDj+qJpBjRXi60JhRwlG1DGFfC7Ep5kynG0aSXNSE4oyePk4vdorNf3Dtz8qUjMkCGrJMtUiAOOSAlckJOSZlwck8eyTN5sR6sJ+vVehu0TljDmTXyB9bHDyLant0=</latexit>

q̃i(zi)
<latexit sha1_base64="Ng4lOAHzRl2nxQ5OwRZJ2EwaWwE=">AAACAnicbVC7SgNBFJ31GeMraiVaLAYhNmFX8FFYBGwsI5gHJGGZndwkQ2YfztwV4xJs7PMVNhaK2Fr5CXZ+iL2TTQpNPHDhcM69c+ceNxRcoWV9GTOzc/MLi6ml9PLK6tp6ZmOzrIJIMiixQASy6lIFgvtQQo4CqqEE6rkCKm73fOhXbkAqHvhX2Auh4dG2z1ucUdSSk9muI9xi8k4sodmPrx2eu3P4Qd/JZK28lcCcJvaYZAu7g3ru+2NQdDKf9WbAIg98ZIIqVbOtEBsxlciZgH66HikIKevSNtQ09akHqhEnq/vmvlaaZiuQunw0E/X3REw9pXqeqzs9ih016Q3F/7xahK3TRsz9MELw2WhRKxImBuYwD7PJJTAUPU0ok1z/1WQdKilDnVpah2BPnjxNyod5+zh/dGlnC2dkhBTZIXskR2xyQgrkghRJiTByTx7JM3kxHown49V4G7XOGOOZLfIHxvsPFrSbkg==</latexit>

qi(zi)

<latexit sha1_base64="y8K33A2RFyfyPXWsgqein6sftw0="></latexit>

Interventional discrepancy:
@

@zi

qi(zi)

q̃i(zi)
6= 0 almost everywhere

13



Linear Transform + General Latent

Note: this subsumes Squires’23, Buchholz’23 results on linear latent models

Theorem : Linear transform + 1 hard/node   = Perfect ID + Algorithm

Theorem : Linear transform + 1 soft/node   = ID up to ancestors + Algorithm

Note: Squires’23: in linear latent models + soft: ID up to ancestors is the best one can hope.

14



Nonlinear latent model:  

Empirical Results

<latexit sha1_base64="II2yUCnhtz5FdVZzpDQBdARTYzw="></latexit>

Zi =
q
Z>
pa(i)Ap,iZpa(i) +Np,i

Nonlinear transform: 

Score estimation: sliced score matching

15score oracle noisy scores

n=5 latent variables

Obs. 
dim

Norm. 
Z error

DAG error 
(SHD)

Norm.
 Z error

DAG error 
(SHD)

5 0.03 0.12 1.19 5.1
25 0.03 0.04 1.09 4.4
40 0.04 0.02 0.86 5.0

<latexit sha1_base64="kS/Q9DIkBPyYiJmMIRFVKCrsTiA=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9CwIMeI5gHJkuYncwmQ2Zn15neQAj5Di8eFPHqx3jzb5w8DppY0FBUddPdFSRSGHTdb2dldW19YzOzld3e2d3bzx0c1kycasarLJaxbgTUcCkUr6JAyRuJ5jQKJK8H/ZuJXx9wbUSsHnCYcD+iXSVCwShayW9ct5CqHincFh/P2rm8W3SnIMvEm5M8zFFp575anZilEVfIJDWm6bkJ+iOqUTDJx9lWanhCWZ92edNSRSNu/NH06DE5tUqHhLG2pZBM1d8TIxoZM4wC2xlR7JlFbyL+5zVTDK/8kVBJilyx2aIwlQRjMkmAdITmDOXQEsq0sLcS1qOaMrQ5ZW0I3uLLy6R2XvRKxdL9Rb5cnseRgWM4gQJ4cAlluIMKVIHBEzzDK7w5A+fFeXc+Zq0rznzmCP7A+fwB4g6Q4Q==</latexit>

X = tanh(G.Z)



• A general framework for establishing ID and Achievability guarantees

• Score difference functions contain all the information needed about latent DAGs

• Minimize score variations, constructive ID proof +  provably correct algorithms

• General transform with 2 interventions/node: https://arxiv.org/abs/2310.15450

• Linear transform with 1 intervention/node: https://arxiv.org/abs/2402.00849

Summary

16
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