Improved Sample Complexity Analysis of Natural Policy Gradient Algorithm with General
Parameterization for Infinite Horizon Discounted Reward Markov Decision Processes

Introduction and Background

The framework of Reinforcement Learning (RL) has a wide array of applications: from
epidemic control to transportation to wireless communication.

An agent aims to learn the best 'policy’ by repeatedly interacting with an environment.

Environment consists of a state that changes following an unknown probability law when the
agent executes an action.

The agent immediately receives a reward value as feedback.
The goal is to maximize the discounted sum of rewards over an infinite horizon.

We consider general parameterization where policies are indexed by some d dimensional
parameter, 0 (e.g., the weights of a neural network). It allows infinite state space.

The number of state transition samples needed by a learning algorithm to reach within e
distance of optimality is known as its sample complexity.

The number of times it updates the policy parameters is known as its iteration complexity.

Research Gap

Algorithm Sample Complexity | Iteration Complexity | Hessian-free | IS-free
Vanilla-PG [¢] O(e3) O(e?) Yes Yes
STORM-PG-F [1] O(e?) O(e?) Yes No
SCRN [5] O(e=2) O(e ) No Yes
VR-SCRN [5] O(e2log (1)) O(e V) No No
NPG [4] O(e?) O(e 1) Yes Yes
SRVR-NPG [4] O(e?) O(e 1) Yes No
SRVR-PG [4] O(e ) O(e7?) Yes No
N-PG-IGT [2] O(e2) O(e2) Yes Yes
HARPG [2] O(e?log (1)) O(e?) No Yes

Sample and iteration complexities of the existing algorithms for general parameterization.

As seen from the above table, many existing algorithms use either importance sampling (1S),
which requires unreasonable assumptions for the analysis, or second-order (Hessian-related)
information, which demands larger memory than first-order algorithms.

The best known sample complexity is O(e~2log (1)) while the lower bound is O(e™?).
Two algorithms achieve the best-known sample complexity: VR-SCRN and HARPG.
The first one is neither first-order nor |S-free.

The second one has rather large iteration complexity and is Hessian-based.
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Our Contributions

We propose an accelerated natural policy gradient (ANPG) algorithm.
The proposed algorithm is Hessian-free and 1S-free.
Its sample complexity is (’)(e‘ ) which improves the SOTA by a factor of O(log (6) .

Its iteration complexity is O(e~!) which beats that of HARPG by a factor of O(e™1).

Algorithm Design: Key Ideas

The goal of the algorithm is to maximize the value function defined below.

Jo(0) =B | Y ~'r(st,at)|s0 ~ p, 7

| t=0 _

where the symbols carry their usual meanings. An NPG update is the following.
k1= 61+ 1Fp(64) Vg p(6),)

where n is the learning rate. Note that the update is similar to a PG update except n is modulated
by the Moore-Penrose inverse of the Fisher information matrix defined as,

F,0) £ E g | Vg log mp(als) @ Vglogmp(als)]

(s,a)~v,
where VZ)T@ Is the occupation measure and & is the outer product. One can show that,
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Thus, the natural gradient wy can be obtained by iteratively applying gradient descent to LV@(-, 0).
P

wy, = Fp(ek)TVQJp(Hk) € argmin cpal we(w 0) =

In this paper, we use momentum-based accelerated gradient descent to estimate wy. Note that,

1
Vul m(w,0) = Fp(0)w — 1—Hp(9>, where H,(0) = E
P
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Since the transition probability and therefore, ug@ and A79(-,-) are unknown, we obtain sample-
based unbiased estimates of F,(6) and H,(8) (Algorithm 1 in the paper) which leads to an unbiased

estimate @WLVZQ (W, 0).

Psuedo-Code

Does there exist an IS-free and Hessian-free algorithm that either achieves or improves the
SOTA O(e?log (%)) sample complexity?

https.//washim-uddin-mondal.github.io/

For k €{0,--- K —1} > QOuter Loop
X, vp < 0

Forh € {0,--- ,H—1} > Inner Loop: Accelerated Gradient Descent

Yh < oxp + (1 —a)vy, (1)
Xpt1 < Yh — 5@wLV;e(wa Ok)| oy, (2)
zp, <= Byp + (1 = B)vy, (3)
Vhi1 < 2h = EV6 L, (@, 0],y (4)

2

Wy, — EZ%%SH X}, > Tail Averaging

011 < Op+nwg > Policy Parameter Update

a, 5,9, & are appropriately chosen learning parameters.
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Some Important Lemmas: Key Proof Ideas

't can be shown (Corollary 1 in the paper) that the global optimality error can be bounded by the
natural gradient estimation error in the inner loop as follows for certain parameter choices.
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where B, L, G, pp are appropriately defined constants and ¢y,;,, denotes the expressivity power
of the policy parameterization. This result is similar to the result given in [4] except here the first
order term is modified to E||E|w|0;] — wi||. Following [3], we can show that,
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where H is sufficiently large arld the appropriately defined constant o2 denotes the (scaled) vari-
ance of the gradient estimate VwLﬂ)(wev 0), wy being the exact minimizer of L we( ¢). To bound

)
Ellwy — wr]|” <

the first-order term, observe that if X, = E [x3,|0.], 1, = E [y3|04], v, = [Vh|9/<;] z;, = E[z,|0;],
Vh € {0,---, H}, then it follows from (1) — (4) and the unbiasedness of the gradient estimate that,
x)=0,vg=20 (6)
Y =axp + (1 —a)vy (7)
Xpe1 =Y = 0Vwl, m(w, by) - (8)
zp = Byp + (1= B)vy, (9)
Ve = 2h = EVwlym (w,01), (10)

w:}_/‘h

Note that E|w|0k] = 7 ZH ch<i Xh Therefore, E|wy|0] can be thought of as an estimate of w;
when exact gradients VQ,LV@(w f) are available (no noise or deterministic scenario). We have,
0

BI(Bles/0) ~ )l < VOewr (1) (== ) -0 (5) v

Using (5) and (11), the global error can be bounded as /€, + O (H K) To make the second

term e, we have to take H = O(e71) and K = O(e1). This results in O(e~?) sample complexity
and O(e~ 1) iteration complexity.

Remark: Note the importance of the first-order term. Without our modification, this term wiill

be Eljwy, — wi]| (as in [4]) which would lead to a global optimality error of | /€5 + O (\F [1()

leading to a sample complexity of O(e™ ).
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