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Conditional Mean Embeddings

▶ Mean embeddings are a popular technique for representing
distributions in Hilbert space [5]

▶ Let HG be an reproducing kernel Hilbert space (RKHS) with
p.d. kernel G : X × X → R, and nonnegative measure
γ ∈ M+(X ). Then µγ ∈ HG :

µγ =
∫

X
G(x , ·)dµ(x)

▶ Conditional mean embeddings encode dependencies
between random variables X and Y :
▶ Map input features ϕ(x) in one RKHS to the mean embedding

of the corresponding conditional distribution µY |x in another
RKHS
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Conditional Mean Embeddings

▶ Random variables X and Y over X and Y, embedded in
RKHS HK and HL, respectively.

▶ The conditional mean embedding (CME) CY |X : HK → HL is
defined such that:
▶ µY |x ≡ EY |x [l(Y , ·)] = CY |X k(x , ·)
▶ EY |x [g(·)] = ⟨g , µY |x ⟩L for all g ∈ HL and x ∈ X
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Existence of the CME
▶ Existence of the CME implicitly requires that for all f ∈ HL,

gf (·) ≡ E[f (Y )|X = ·] ∈ HK

▶ This is a very strong assumption and violated in several
common scenarios [4, 6]



Existence of the CME
▶ Existence of the CME implicitly requires that for all f ∈ HL,

gf (·) ≡ E[f (Y )|X = ·] ∈ HK

▶ This is a very strong assumption and violated in several
common scenarios [4, 6]



Misspecification: gf ̸∈ HK



Misspecification: gf ̸∈ HK



Data-Driven Learning

▶ In practical settings, cannot compute population CME
▶ Interested in estimating CME from i.i.d data:

D = {(xi , yi)}n
i=1 ⊂ X × Y via solution to regularized LS

problem [3]:

ĈY |X ∈ arg min
T :HK →HL

1
n

n∑
i=1

||l(yi , ·) − T [k(xi , ·)]||2L + λ||T ||2HS

▶ Goal: Establish rates for ||CY |X − ĈY |X ||γ (in various norms)
as n → ∞ in the misspecified setting that are:
▶ adaptive to the “degree” of misspecification (β)
▶ characterize the interplay between kernel complexity and CME

regularity
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Contributions

▶ Establish first explicit learning rates for the conditional mean
embedding under misspecification in various Sobolev operator
norms

▶ Our framework notably does not impose the conventional
Hilbert-Schmidt criterion [2, 7, 1] on the target CME, and only
requires it to be bounded, with respect to some interpolation
space.

▶ Demonstrate that in certain parameter regimes, these rates
translate to uniform convergence rates for the mean
embeddings in HL of P(Y |x) over all x ∈ X
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