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Motivation: Comparing Two Samples

@ Given: Samples from unknown distributions P and Q.

@ Goal: Do P and Q differ?
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Problem Setup

Given two independent sample sets:
X=Ax,...;xu} ~P,Y={y1,...,ym} ~ O,
Atest T: (X,Y)— {do,d} decide:
Mo: P=Q, M:P#Q.

Risk functions:

Type-1 Error: Pupyn g <T(x”,ym) =d under 74,

, under JA.

)
)

Type-Il Error: Pupyng <T(x”,y’") =dy
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Wasserstein Distance

W(P,Q)= min < E/, o)~ a)—a)’}
®.0)= min {Ewollo-al

° of transporting probability mess from one distribution to another.
o Advantages:

o Flexibility: non-overlapping support, discrete and continuous.
o Geometric properties.
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Projected Wasserstein Distance

o Design projected Wasserstein distance for testing?:

PW(P,Q) = max W (A #P, A #Q).
d

o Find linear projector o7 € V, = {o/ : o/ (z) = ATz,ATA = I} for which the
Wasserstein distance between the projected distributions is as large as possible.

KDE with PW Distance : 0.264112
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1 Jie Wang, Rui Gao, and Yao Xie. “Two-sample Test using Projected Wasserstein Distance”. In:

Proceedings of IEEE International Symposium on Information Theory. July 2021.
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Kernel Projected Wasserstein Distance

@ Develop kernel projected Wasserstein distance for testing:

KPW(P,Q) = max W (F#P, f#0)

where = {f e A |flle <1}

where 7 is a R%-valued RKHS.

Data X
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Reproducing Kernel Hilbert Space (RKHS)

Scalar-valued RKHS
@ K: RPxRP R is PS.D. if

N N
Z y,-K(x,-,xj)yj > 0, Vxl- e RD,yi cR
i=1j=1

@ K induces a scalar-valued RKHS J#.
@ Reproducing Property:

f(x) - <fv Kx>.,%’;<7 Vf € s
where the kernel section

K.(X)2K,x), W cRP.

Vector-valued RKHS?
o K: RPxRP —» R¥4 is P.S.D. if

N N
(yi, K(xi,x;)y;) >0, Vx; € RD,y,- c R4
7)Yj
i=1j=1

@ K induces a vector-valued RKHS 7.
@ Reproducing Property:

(f(x),y) = <f>ny>Jﬁ< \V/f € ‘%(7
where the kernel section

(Ky) (@) 2K, x)y, V¥ €RPye R4,

2Charles A. Micchelli and Massimiliano A. Pontil. “On Learning Vector-Valued Functions'. In:
Neural Computation 17.1 (Jan. 2005), pp. 177-204.
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KPW Test

@ Develop kernel projected Wasserstein distance for testing:
KPW(P,Q) =max W (f#P, f#0)

where = {f e A |fllwe <1}

where 7 is a R%-valued RKHS.
© Compute nonlinear projector in training dataset;

@ Perform permutation test in testing dataset.

@ Outline:
o Computing KPW Distance
e (Finite-sample Guarantee)

o Numerical Simulation
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Algorithmic Considerations

Computing KPW distance is equivalent to:

nel

KPW(Py,Qp) = ~ max {min Y millf (xi) —f(yj)llz}-

e |IflI3,<1 ij

@ Infinite-dimensional optimization — Develop a representer theorem:

There exists an optimal solution f with

n m

ZK <, xl Ay — ZK(Zayj)aij zZ€ RD7
=1 =

where a;,a,; € R? are coefficients.

@ Non-convex problem — Focus on finding stationary point.
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Algorithmic Development

KPW(P,,0,) =  max {min ZmJHf(xi)—f(yj)Hz}.
iy

fe#: |If|3<1 | ®el

@ Step 1: Substituting the form of representer theorem:

n m

f(Z) = ZK(Z7xi)ax,i - ZK(Z7yj)ay7j

i=1 j=1

([G2.1]7)
_{K(z,xl) K(z,m3) o o o K(z,2,) ~K(z,01) —K(z,y2) = o _K(Z’ym)J .

Qg on

G(zz"™,y™) ,
[@y.m] J
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Algorithmic Development

@ Step 1: Substituting the form of representer theorem:

4 ([a21]
e Gy LA a;,n
- N
o G(yn.;x",ym) \ )

. . T
KPW(P,,Qm) = max | min Zm’jci’j P wGw<l
1747
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Algorithmic Development

@ Step 1: Substituting the form of representer theorem:

. T
max < min micii: @ Go<15,.

o Step 2: Take G™' = UUT and s = U~ 'w, we have

seSd n+m)—1 mell

@ Step 3: Adding entropic regularization and reformulate by duality:

max {glel? %ﬂldcu n (ﬂ)}

scSd(nt+m

=min {F(u,v,s): sGSd('”m)l,ueR”,veR’”}.

u,v,s

max {mln Zﬂwcw} where St g 5 sphere.
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Convergence Analysis

We say that (i1, 9,5) is a (€1,&;)-stationary point if

|GradF (,9,3)|] < &,
F(it,9,8) — mmF( ,8) < &.

Proposed method returns an (g1, &;)-stationary point within

1 1
o <log(mn) . [83 i 8282:|> y
2 1

@ iteration number:

@ Arithmetic operations:

o Storage requirement: ¢ (d*N?).
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Testing Power for Synthetic Datasets (Gaussian Mixture)

Baseline:
@ Projected Wasserstein test (PW) (Wang, Gao, and Xie 2021);
o Gaussian MMD test with optimized bandwidth (MMD-O) (Liu et al. 2020);
@ MMD test combining neural network (NTK-MMD) (Cheng and Xie 2021);
e ME test with optimized hyper-parameters (ME) (Jitkrittum et al. 2016).

1.0- =&~ MMD-NTK - 1.0- =&~ MMD-NTK -

ME
- PW
MMD-O
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Concluding Remarks

Two-Sample Test with Kernel
Projected Wasserstein Distance
Online Available: arxiv.org/abs/2102.06449
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