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Representation Learning

Let us consider a mixed continuous-discrete model µX,Y , where X is the observation and Y is the

class. Ourmain focus is in the context ofRepresentation Learning (RL), where the idea is to design

a lossy description ofX that is sufficient (in some sense) to discriminate Y
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(a) The RL setting (b) U as quantizations ofX

In this setting

a form of redundancy on µX,Y is assumed

concrete evidence of this redundancy has been studied/used recently (Bloem-Reddy and Teh

2020, Dubois et al. 2021)

Information Measures for Sufficiency

It is common inML tomeasure the predictive power ofX to infer Y using Information Theoretic

quantities: entropy, conditional entropy andmutual information (MI).

H(Y ) = H(µY ) ≡ −
∑
y∈Y

µY (y) log µY (y) ≥ 0 (Entropy)

H(Y |X) ≡
∫

X
H(µY |X(·|x))dµX(x) ≥ 0 (Conditional Entropy)

I(X ; Y ) ≡ H(Y ) − H(Y |X) ≥ 0 (Mutual Information)

Information Loss (IL) and Operational Loss (OL)

Given a continuous representation η : (X , B(X )) → (U , B(U)):
I(X ; Y ) − I(η(X)︸ ︷︷ ︸

U

; Y ) (Information Loss of η(·))

`(µU,Y ) − `(µX,Y ) (Operational Loss of η(·))

where

`(µX,Y ) ≡
∫

X
(1 − max

y∈Y
µY |X(y|x))dµX(x).

We look at the interplay between IL and OL and at a form of informational sufficiency (IS) that

implies operational sufficiency (OS).

Y X

U1

U2

...

Uj

Figure 1. A basic RL setting.

Main Question (MQ)

Let us have a collection of lossy (continuos) representations ofX as illustrated in Figure 1.

If the collectionU1, U2, .... is information sufficient (IS)

lim
i→∞

I(Ui; Y ) = I(X ; Y ) (1)

MQ: is thatU1, U2, .... is operationally sufficient (OS) in the sense that

lim
i−→∞

`(µUi,Y ) = `(µX,Y )? (2)

Contribution: We address thisMQ studying the interplay between IL andOLwhile introducing

a “weak information loss”.

Weak Information Loss

Theweak information loss (WIL) of a representationU = η(X) given µX,Y is given by

I((r∗(X), U); Y ) − I(U ; Y ) ≥ 0 (3)

where r∗(x) is theMAP rule:

r∗(x) ≡ arg max
y∈Y

µY |X(y|x). (4)

1. I((r∗(X), U); Y ) − I(U ; Y ) = I(r∗(X); Y |U) ≥ 0 (conditional MI).

2. I(r∗(X); Y |U) ≤ I(X ; Y ) − I(U ; Y ) = I(X ; Y |U).
3. WIL is strictly weaker than IL in many scenarios.

Main Result

Ourmain asymptotic result is:

Theorem 2: Let us consider a family of continuous lossy representations {Ui}i≥1 ofX . If

lim
i−→∞

I((r∗(X), Ui); Y ) − I(Ui; Y )︸ ︷︷ ︸
I(r∗(X);Y |Ui)

= 0, (5)

then

lim
i−→∞

`(µUi,Y ) = `(µX,Y ). (6)

Few Remarks

Technical

Eq.(5) is called weak informational sufficiency (WIS).

WIS, as a condition on {Ui}i≥1, is strictly weaker than IS in many scenarios.

Theorem 2 comes from a lower bound for I((r∗(X), Ui); Y ) − I(Ui; Y ) function of
`(µUi,Y ) − `(µX,Y ) (presented in Theorem 1).

General

1. Achieving IS as an objective for feature design (representation learning) is an adequate

principle.

2. However, Theorem 2 provides evidence that pure IS (in Eq.(1)) might be a conservative

criterion if the operational objetive isMPE in classification.

Howmuchweaker isWIS than IS?

Figure 2. Information loss (IL) vs. operation loss (OL) for different number of cells (k) and partitions schemes.

(a) Product partition (b) Gessaman Partition

(c) TSP partition (d) Asymmetric Partiton

Figure 3. Illustration of some data-driven representations ofX .

Limitations and Extensions

The proposed weak information loss is oracle in nature. We have explored concrete learning

setting to relax the need to use r∗(·) in our analysis and come out with non-oracleweak

information losses to extend Theorem 2.

On how tight is theWIS condition in Theorem2, we have shown that when theMAP rule in (4) is

unique, then “WIS is equivalent to OS”.

More in https://arxiv.org/abs/2112.15238 International Conference on Artificial Intelligence and Statistics 2022 josilva.edu@gmail.com, ftobar@dim.uchile.cl

https://arxiv.org/abs/2112.15238
mailto:josilva.edu@gmail.com,ftobar@dim.uchile.cl

