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An ideal model for probabilities

The estimator should be a function pg : X — R that

The model should allow for Of key operations between
orobabilities (e.g. Sum & Product rules).

The number of parameters @ required to approximate a density P depends on its
and N the number of dimensions of the
amplent space.

The model can learn a probabillity P from a finite number of 1.i.d. samples from it
achieving

[t IS possible to from Pg (or an approximation of
) IN



State of the art

Non-negative Sum Product Con.cise_ Optirr.1al Efficie_nt

Rule Rule Approximation Learning Sampling
Linear Models X v v v v X
Mean Embeddings X o v v v X
Mixture Models v v v X X v
Exponential Models v X v v v X

> Can we have the best of all worlds?



Positive semidefinite (PSD) models

Generalisation of mixture models

Matrix of centers

T, ...
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Marteau-Ferey, Bach, Rudi “Non-parametric models for nonnegative functions”. NeurlPS 2020
Rudi, Ciliberto “PSD Representations for effective probability models” NeurlPS 2021



PSD models to the rescue?
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PSD models to the rescue?

Sum Product Concise Optimal Efficient

Non-negative Rule Rule Approximation Learning Sampling

Linear Models
Mean Embeddings
Mixture Models

Exponential Models

PSD Models v v v v v

l This worR!

Marteau-Ferey, Bach, Rudi Rudi, Ciliberto
"Non-parametric models for nonnegative functions” NeurlPS 2020  "PSD Representations for effective probability models”. NeurlPS 2021



Sampling from PSD model

Key Ingredient: Exact integral on hyper-rectangles

» Given a hyper-rectangle Q = [a1,b1] X [as, ba] X - -+ X [ag, bg] C R

 Exact integral in closed form

T

1Q) = /Q Flo A X,mde = Y AyGi,

ij=1

. . _ N
* (;; in closed form, in terms of the error function erf(z) = —= / e U dt
0

\ v
» Total cost: O(dm?) arithmetic and erf operations

Implemented in any scientific computing library
as numpy, R, Matlab, pytorch, ...



Sampling from PSD model

The algorithm

Divide and conquer:
» Start with a hyper-rectangle ()

* Divide () in half along the longest side, obtaining ()1 and (-

1(Q1)
I(Q)

* Repeat until each side of () is shorter than &

e Set Q) := ()1 with probability

(otherwise set @ := Q2)

 Return x sampled uniformly from ()

Total cost O(dm~log 'Q') per sample

E
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Sampling from PSD model

Theoretical properties

 [he samples produced by the algorithm are I. I. d.

e Moreover

Wl(ﬁaﬁP) S \/&6

W1 is the Wasserstein 1 distance (similar result holds for TV or Hellinger)
. probability of the samples produced by the algorithm

P = %f( A, X, 1) where Z is the normalization constant



Sampling from arbitrary densities
Using PSD models

 Step 1: Evaluate the density p in n points, then fit a PSD model
e Step 2: Sampling from the resulting PSD model p

» Fitting algorithm: kind of Kernel Regression — fast methods (FALKON: O(nyn) )

Rudi, Carratino, Rosasco. "Falkon: An optimal large scale kernel method." NIPS 2017.

 Theoretical guarantees : Assuming p(z) =",V € C™(R?)

d

n=0("27) = W;(p,p) <2Vde




