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Neural Networks today are solved using Backpropagation

Backpropagation
Q 4_ R

This debate has inspired the search for alternative
optimization strategies without backpropagation.
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Layer-wise Training emerged from this debate to
bypass backpropagation.

Once W, is trained, we
" hold W, constant and

W, is first trained as a “I :

single layer network x; Vo Ve py V1 | W L, train W.as a 2 layer
agaginst a)nln objective z | Q Yi network. This process
without W, repeats until L layers.

Ho Ha

Since Layer-wise Training only uses a forward pass, backpropagation
is avoided during training. But some theoretical questions remains.

1. Is the computation of gradients during optimization necessary?
In fact, is it theoretically possible to use a simple and repetitive
closed-form weight to optimize the network.

2. How do we know “when” to stop adding more layers?
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R

Our Contribution

1. We discovered a closed-form solution to the weights of layer-wise networks.
a. By iteratively stacking layers with simple weights. Layer-wise networks can be
automatically optimized to reach the global optimum.
b. The closed-form weights turn out to be the Kernel Mean Embedding.
(Computable via addition and without Gradient Descent).

2. We discovered a strategy to identify the appropriate network depth.
a. We propose to stop adding more layers when the extra layers stop changing the
network as a function.
b. We discovered that using Kernel Mean Embedding as the weights, the network
automatically converges to a kernel. We call it the Neural Indicator Kernel.
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‘O‘ Key Idea of our Approach

Our Empirical Risk Note the notation

H _mfin l E ﬁ(f(l“z)~y,) flo — fl O fl—l ©...0 fl
T
1=1 then

We define the kernel sequence as
(flv f2°7 f3°7 eey fLO)

If we input each element of the kernel fl ’
sequence into the Empircal Risk, we obtain
another sequence called th H-Sequence. Jae = fa0 fi

{HLHZ»--"HL} Jzo = fzo fao fi

Our strategy is to use closed-form weights to discover a kernel sequence that
pushes the H-sequences to approach its global optimum.
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‘,Oj How did we pick the Empirical Risk?

We noticed that for classification

1. If our solution maps the data to labels {0, 1} instead of the true labels {-1, 1},
the solution is identical.

2. Therefore, enforcing f(x) = y doesn’t make sense for classification.

3. We posit that by relaxing the constraint f(x) =y for classification, it would be
easier during optimization to collide into a solution space.

4. Instead of MSE or Cross-Entropy, we decide to use an objective that focus on
learning a mapping where similar and different classes become easily
distinguishable.

~

ég% But since there are so many ways to define similarity, how can an
e objective always choose the best similar for every possible situation?
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-/O\- We show that the Hilbert Schmidt Independence Criterion

(HSIC) is ideal for this situation.

At each layer, we optimize the objective

mac T (T [$(RW)oT (R W) )

s.t. Wiw,=I,T=HYYTH.

(1)

At each layer, the input r

is multiplied by the weight
e Wizl &n | o i s W. It then passes through
activation function 1. This
\ I defines the feature map of a
Hi Hits kernel.

Fig. 1: Layer notation

We use the feature map of a Gaussian kernel as the activation function.
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N\ 7/
-O- HSIC automatically learns the ideal similarity measure

The HSIC objective can be rewritten as

n%{"}X Z PL le‘Vz Tiy1 Z |F2J|}CVV 7larj)
H 1,JES 1,JES® (4)

s. t. Wl W; = 1.
Since HSIC can be rewritten in terms of similarity Kernel parameterized by

the weights, the weights that maximize HSIC automatically discovers the
ideal similarity.

-/O\- We discovered (as corollaries) that HSIC is simultaneously
= minimizing MSE and Cross-Entropy.

Corollary 1. H; — H* leads to a minimization of
MSE in preactivation via g translation of labels.

Corollary 2. H; — H* leads to a minimization of
CFE in activation via a change of bases.
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Claim 1: i we solve the network
greedily (layer-wise) with the HSIC ob-
jective at each layer

max T (0 [w(RWwT (B Ry =®, 70, .. i

s.t. Wiw,=I,T=HYYTH.

(1) "'i—1—-”"‘1 v ori —I v orin

then, the repetitive usage the Kernel Em- \ I
bedding of r;_; for W, guarantees the 1 1
Global Optimum of Eg. (1). The kernel ’ [+1
embedding Is defined as Fig. 1: Layer notation
1 1 2 :
Ws = % [Z/ TE ) 3 TE ) v D Tf, )] (2)

Implication: Instead of searching to connect backpropagation to brain func-
tion, our proof suggests that very simple and repetitive patterns can also achieve
equivalent training accuracy on any dataset. This strategy might be an easier
path to explain the brain.
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Our claim is based on our theoretical result of the following theorem.

Theorem 1. From any initial risk value H, there exists a set of bandwidths o; and a Kernel Sequence
{¢1-} 1L:1 parameterized by W; = Wy in Eq. (5) such that:

1. Hy, can approach arbitrarily close to H* such that for any L > 1 and § > 0 we can achieve

H' —Hi <, (6)
Il. as L — oo, the H-Sequence converges to the global optimum where
lim HL — H*, (7)
L— oo
. : N
I1l. the convergence is strictly monotonic where
Hi>=Hiq Y=l (8)
Experiment :
Random Dataset Adversarial Dataset
Random Dataset in 2D iE Output of 12 layers in 1D Adversarial is Output of 12 layers in 1D
24 g
o O Class1 %2 O Class 1 R & £ @‘B@@ %g O Class 1
+ @ + Class2 13— 4+ Class 2 = 0.81 @ o ¥ 124+ + Class 2 o
~ 1 + e Bl 81~ ® 9 1+ o
o + © - ©
5 + o+ BE 0.5 ol e 5 06 ol @QQ 2 94+ O
e o0 OO;HO#*@’ Y 4|5 s—ee— oo 2 S ®le 173--; 3
) ;O 7 11— ®—+a+—— D@ 0.4 a» o ® &1 —— S
£ & 5 64— @ 40@ | £ ad ® e~ 2l g @
8 £ ul & I o s & © 1-eo—o+o—e@-
0y s o ameame-—|  OC|[ O Classi | Tae S e
2 {5 S| + Class2| o 2 So— oS
5] o 1] HemEEEENO | 0.0 1
-2 0 2 0.00 025 0.50 0.75 1.00 0.00 025 050 075 1.00 0.00 025 050 0.75 1.00
Dimension 1 Sample Location in 1 Dimension Dimension 1 Sample Location in 1 Dimension
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Claim 2: Let S be the set of pairwise samples within the same class and S¢
its complement. By greedily stacking the network in Fig.1, the network converges
to the feature map of the following kernel:

0 Vi,jeSe

lim K(z;,z:) = K*(z;, )" = . 3
e (i, ) (i, ;) {1 Vi,j €S )

Implication: Our construct converges to fixed kernel when solved greedily.

The output of each layer after the
activation function converges to the

ri e, W)y d P Neural Indicator Kernel.

H Hit1

Fig. 1: Layer notation
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Claim 3: we define the within S, and between Sl class scatter matrices as

Siy=Y Wl(ri—rj)ri—r)TW, and Sj= Y W[ (r;—rj)r;—rj)TW,.

L,JES 1,] €8¢
(4)
As the number of layers approaches oo, the trace ratio approach 0.
Tr [
hm I(S ) , (5)

Implication: While converging towards a kernel, the network via the HSIC ob-
jective pulls samples of the same class into a single point while pushing samples
of different classes apart.

— ) .
Ry = [r 2,2y iy The output of each layer before the

activation function converges to a
poq Wi=1] &7 I Td - trace ratio of 0.
H Hita

Fig. 1: Layer notation



Northeastern University

Claims 2 and 3 are based on the following Theorem.

Theorem 2. As | — oo and H; — H*, the following properties are satisfied:

[ the scatter trace ratio T approaches 0 where
Te(S) This is the Neural

li = . |
] Tr(S7) 0 Indicator Kernel. (10)
Il the Kernel Sequence converges to the following kernel;
; 0 Vi,jeds°
l * l )
SN B = ) = {1 Vi,j €S ()
Experiment : Layer 1 Layer 2 Layer 3 Layer 4

IDS Output Kernel Matrix
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Claim 4: we prove that maximizing HSIC Implicitly Minimizes Cross-Entropy
(CE) and MSE for Classification.

Implication 1: Classification traditionally use MSE or CE. We refer to these
objectives as label-matching objectives. We prove the HSIC is a nonlabel-
matching objective. This implies that using our layer-wise construct for classi-
fication is equally flexible as a network trained by backpropagation.

Implication 2: This algorithm learns by identifying the average representation
of a class and placing Gaussian Distributions around these average representa-
tions. Classification is accomplished via Bayes ptimal classifier in this feature
space (RKHS).

Implication 3: Simple and repetitive patterns can also achieve Universality.
Perhaps we should seek to explain the brain via this path.

Corollary 1. H; — H* leads to a minimization of
MSE in preactivation via g translation of labels.

Corollary 2. H; — H* leads to a minimization of
CFE in activation via a change of bases.
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Claim 5: W is not the optimal layer-wise solution where at each layer

8
(Ws) # 0. 6
Implication: If the network converges to the global optimum with Wy, there
must exist a W™ that performs even better and converges with fewer layers.

n
wT Ty

(z;—x;)(xi—x;)

max I e 252
W —
i

st WIW =1
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Claim 6: Tne optimal solution VI$* where 5—%7{1(1%) = () is the eigenvector
of the following matrix

Q= RlT—l(f — Diag(I'ln)) Rj—1. (7)

where [ is a function of IW;; computed with [' = I' ® K, Wi

Implication: While 1/, is interesting from a neuroscience perspective, W™ is
the optimal solution to optimize the network. The matrix Q id d x d, therefore, it
does not depend on the size of the data.
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What can we say about Generalization?

Observations:
1. W* converges faster, requiring fewer layers.
2. W* generalizes better?
3. W* uses an infinitely wide network and have infinite complexity why does
it generalize at all?

Claim 7: The solution yield by the eigenvector of Q implicitly regularizes
the HSIC objective.

The objective can be reformulated to isolate out n functions [D(W), ..., D, (1})]
that act as a penalty term during optimization. Let S; be the set of samples that
belongs to the iy, class and let S be its complement, then each function D;(1V;)
is defined as

D;(Wp) = Z I, }’CHI i Tj Z ‘Ful}CH/ TisTy (8)

JES; 168‘

Then Eq. (1) is equivalent to

(ri—r ) T Ww Tl —r )
L= (Tww T DWW
max —=e 202 riWiWir:) — (W)W r: o, 9
W, ; 2 ( i vy ,1) Z il I)H l IH_ ( )
Implication: Based on this claim, D;(1V;) adds a negative variable cost to the
sample norm in IDS, ||[W/ r;||, describmg how ISM implicitly regularizes HSIC.

In fact, a better 11; imposes a heavier penalty on the objective where the overall
HSIC value may actually decrease.
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Experiment 4: Using both W and W*, we conduct 10-fold cross-validation across all
8 datasets and report their mean and the standard deviation for all key metrics. We
compare our MLP against MLPs of the same size trained via SGD, where instead of
HSIC, MSE and CE are used as the empirical risk.

obj o1 L} Train Acc T Test Acc T Time(s) | H* T MSE | CE | Ccl T4
= | ISM | 0.38 | 3.30 & 0.64 | 1.00 * 0.00 | 0.38 £ 0.21 0.40 + 0.37 | 1.00 + 0.01 | 0.00 + 0.01 0.05 + 0.00 | 0.00 + 0.06 | 0.02 £ 0.0
-§ W, 0.15 12 + 0.66 0.99 + 0.01 0.45 £+ 0.20 0.52 + 0.05 0.92 + 0.01 2.37 £ 1.23 0.06 £+ 0.13 0.05 + 0.02 | 0.13 + 0.01
é' CE - 3.30 £+ 0.64 | 1.00 + 0.00 | 0.48 + 0.17 25.07 *+ 5.55 1.00 = 0.00 | 10.61 = 11.52 0.0 + 0.0 0.0 = 0.0 0.0 + 0.0
= | MSE 3.30 + 0.64 0.98 + 0.04 | 0.63 + 0.21 23.58 + 8.38 0.93 = 0.12 0.02 x 0.04 0.74 + 0.03 0.04 = 0.04 0.08 = 0.1
ISM | 0.5 | 3.60 + 0.92 | 1.00 + 0.00 | 0.38 + 0.10 0.52 + 0.51 | 1.00 £ 0.00| 0.00 + 0.00 | 0.04 + 0.00 | 0.01 + 0.08 | 0.01 + 0.0
E W, |0.03]|12.70 + 1.50 | 0.90 + 0.04 | 0.42 + 0.18 2.82 + 0.81 0.59 = 0.19 | 15.02 = 11.97 | 0.32 £+ 0.15 | 0.30 = 0.18 | 0.34 + 0.19
-(;-.: CE 3.60 £ 0.92 0.59 £ 0.04 0.29 £+ 0.15 69.54 + 24.14 0.10 £+ 0.07 0.65 £ 0.16 0.63 + 0.04 0.98 + 0.03 0.92 + 0.0
MSE - 3.60 + 0.92 0.56 + 0.02 0.32 + 0.20 | 113.75 £+ 21.71 | 0.02 £+ 0.01 0.24 + 0.01 0.70 £ 0.00 0.99 + 0.02 0.95 £+ 0.0
ISM | 0.46 | 5.10 + 0.30 | 1.00 + 0.00 | 1.00 + 0.00 0.87 + 0.08 0.98 + 0.01 0.01 % 0.00 0.02 £ 0.01 0.04 = 0.03 0.02 £ 0.0
E W 0.93| 4.00 £+ 1.18 0.99 + 0.01 0.96 + 0.02 13.54 + 5.66 0.88 + 0.03 38.60 + 25.24 0.06 £+ 0.02 0.08 £+ 0.04 0.08 +0
:’} CE - 5.10 £ 0.30 1.00 + 0 1.00 £ 0 11.59 + 5.52 1.00 = 0 57.08 + 31.25 0+0 0x0 0+ 0
MSE - 5.10 £ 0.30 1.00 + 0 0.99 £ 0.01 | 456.77 + 78.83 1.00 =+ 0 0=+0 1.11 + 0.04 0.40 £+ 0.01 0+ 0
ISM | 047 | 6.10 £ 0.54 0.99 4+ 0 0.97 + 0.05 0.28 + 0.04 0.98 4+ 0.01 0.01 £ 0 0.07 £ 0.01 0.04 £ 0.03 0.02 £ 0
:,‘:’ W 0.98 3.00 = 0 0.98 + 0.01 0.92 %‘).0-1 0.78 = 0.09 0.93 = 0.01 2.47 = 0.26 0.06 + 0.01 0.05 + 0.01 | 0.08 + 0.01
; CE 6.10 £ 0.54 | 1.00 + 0.00 | 0.94 £ 0.06 3.30 + 1.24 1.00 + 0.00 40.33 + 35.5 0+0 0+0 0+ 0
MSE - 6.10 4+ 0.54 1.00 £ 0 0.89 £ 0.17 77.45 £ 45.40 1.00 £ 0 q\:; 0 1.15 £ 0.07 0.49 + 0.02 0O+o
ISM | 0.39 | 8.10 + 0.83 099 £ 0 0.97 + 0.02 2.58 = 1.07 0.96 = 0.01 l).()i‘:: 0.01 0.04 + 0.01 0.02 = 0.04 0.04 = 0.0
:": W, 2.33 | 1.30 + 0.46 0.98 &+ 0.01 0.96 £+ 0.03 6.21 = 0.36 0.88 £ 0.01 41.31 £ 56.17 0.09 £ 0.01 0.09 + 0.02 | 0.16 + 0.03
g CE - 8.10 + 0.83 1.00 £ 0 0.97 + 0.01 | 82.03 + 35.15 1.00 + 0 2330 + 2915 0+to 0+o0 0+o0
| MSE - 8.10 + 0.83 | 1.00 + 0.00 | 0.97 + 0.03 | 151.81 + 27.27 1.00 = 0 0x0 0.66 + 0.06 00 0+ 0
ISM | 0.23 | 4.90 £+ 0.30 1.00 + 0 1.00 + 0.01 | 1.51 + 0.35 0.99 + 0 0+0 0.01 £ 0.00 | 0.04 £ 0.03 0.01 £ 0
= We 1.56 | 2.70 £ 0.46 1.00 £ 0 1.00 &+ 0 5.15 = 1.07 0.93 + 0.02 12.89 + 2.05 0+0 0.06 = 0.02 | 0.08 £ 0.02
v CE - 4.90 + 0.30 1.00 £ 0 1.00 + 0 25.79 + 18.86 1.00 = 0 225.11 + 253 0+0 0x0 0+ o0
MSE 4.90 + 0.30 1.00 + 0 1.00 + 0 504 + 116.6 1.00 + 0 0+0 1.12 £ 0.07 0.40 £ 0 0+ 0
ISM | 0.44 4.00 = 0 1.00 £ 0 0.99 + 0.01| 0.78 + 0.08 097 £ 0 0x0 0.17 + 0 0.01 £ 0 0+ 0
@ W, 0.05| 3.40 + 0.66 0.97 + 0.01 0.80 = 0.26 11.12 + 3.05 0.86 = 0.04 2.07 = 1.04 0.28 + 0.51 0.04 = 0.01 0.01 =0
& CE - 4.00 £ 0 1.00 £ 0 0.79 + 0.31 23.70 £+ 8.85 1.00 £ 0 16099 + 16330 0+0 0+0 0+o0
MSE - 4.00 £ 0 0.92 4 0.10 0.52 + 0.26 745.2 4+ 282 0.94 + 0.07 0.11 + 0.12 3.50 £+ 0.28 0.72 + 0.01 0+ 0
- ISM | 0.41 | 4.10 £ 0.54 0.99 + 0.01 0.98 £ 0.02 0.71 + 0.41 0.99 = 0.01 0.01 + 0.01 0.03 + 0 0 + 0.05 0.02 0
; W, 2.10| 2.30 + 0.64 0.99 &+ 0 0.95 4+ 0.06 1.54 + 0.13 0.91 £ 0.01 60.17 + 70.64 0.04 + 0.01 0.05 £ 0.01 0.08 4+ 0
E CE - 4.10 + 0.54 1.00 £ 0 0.99 + 0.02 2.62 + 1.21 1.00 £ 0 14.11 + 12.32 0+o0 0+o0 0+o0
T | MSE - 4.10 + 0.54 1.00 + 0 0.97 + 0.03 | 47.89 + 24.31 1.00 = 0 0+0 0.73 + 0.07 0 + 0.01 0.01 = 0
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