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Gaussian Processes

Definition. A Gaussian process is random function  such that
for any , the vector  is multivariate Gaussian.

f : X → R
x , .., x1 n f(x ), .., f(x )1 n

Every GP is characterized by a mean  and a kernel . µ(⋅) k(⋅, ⋅) We have

f(x) ∼ N(µ , K )x xx

where  and .µ =x µ(x) K =xx′ k(x, x )′
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Bayesian Learning

y = f(x )i i f ∼ GP(0, k)

(f ∣ y)(⋅) = f(⋅) + K K (y − f(x))(⋅)x xx
−1

J. T. Wilson, V. Borovitskiy, A. Terenin, P. Mostowsky, M. P. Deisenroth. Efficiently
Sampling Functions from Gaussian Process Posteriors. ICML 2020.
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Matérn Kernel

   

k(x, x ) = σ K′ 2

Γ(ν)

21−ν ( 2ν
κ

x − x∥ ′∥)
ν

ν ( 2ν
κ

x − x∥ ′∥)
: varianceσ2 : length scaleκ : smoothnessν

: recovers squared exponential kernelν → ∞

Defines GPs f : R →d R
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Weighted Undirected Graphs

f( ) → R
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Stochastic Partial Differential Equations

  

Mat rné

− + f = W(
κ2

2ν )
+2

ν
4
d

squared exponential

e f = W
− +(

κ2

2ν )
+2

ν
4
d

− +4
κ2

: Laplacian+ : (rescaled) white noiseW

: (rescaled) heat semigroupe− +
4

κ2
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The Graph Laplacian

 

(!f)(x) = w (f(x) − f(x ))
x ∼x′

∑ xx′
′

! = D − W

: degree matrixD : (weighted) adjacency matrixW

Note: different sign convention, analogous to Euclidean −+
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Graph Matérn Gaussian Processes

 

Mat rné

+ ! f = WWW(
κ2

2ν ) 2
ν

squared exponential

e f = WWW
− !(

κ2

2ν )
+2

ν
4
d

!4
κ2

: graph Laplacian! : standard GaussianWWW
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Graph Matérn Gaussian Processes

Mat rné

f ∼ N 0, + !f ∼ N 0, e( − !4
κ2 )( (

κ2
2ν )

−ν)
squared exponential

f ∼ N 0, e( − !2
κ2 )
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Graph Fourier Features

k (x, x ) = + λ f (x)f (x )ν
′

Cν

σ2

n=1

∑
∣G∣

(
κ2

2ν
n)

−ν

n n
′

: eigenvalues and eigenvectors of graph Laplacianλ , fn n
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Prior Variance

(a) Complete graph (b) Star graph (c) Random graph (d) Random graph

Prior variance depends on geometry
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Example: Graph Interpolation of Traffic

(a) Predictive mean (b) Standard deviation
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Example: Graph Interpolation of Traffic

(a) Predictive mean (b) Standard deviation

14

file:///Users/aterenin/Documents/avt.im/presentations/2021-03-21-Graph-GP/2021-03-21-Graph-GP.html?print-pdf#/13


Connection with Matérn Gaussian Processes on Riemannian Manifolds

V. Borovitskiy, A. Terenin, P. Mostowsky, M. P. Deisenroth. Matérn Gaussian Processes on
Riemannian Manifolds. NeurIPS 2020.
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