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Contribution.
We propose two algorithms to compute Wasserstein
barycenters which are build upon the saddle-point problem
reformulation.
The first algorithm, Mirror Prox for WB, based on mirror
prox with specific prox-function, has no limitations in
contrast to regularized-based methods, which are
numerically unstable under a small value of the
regularization parameter.
The second algorithm, Dual Extrapolation for WB, based
on dual extrapolation scheme under the weaker
convergence requirements of area-convexity, improves
the complexity for the Wasserstein barycenter problem.
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Preliminaries.
Given two histograms p, q from probability simplex ∆n

and ground cost C ∈ Rn×n
+ , the optimal transport

problem is formulated as follows
W (p, q) = min

X∈U(p,q)
〈C,X〉,

where X is a transport plan from transport polytope
U = {X ∈ Rn×n

+ , X1 = p,X>1 = q}.
Let d be vectorized cost matrix of C, x be vectorized
transport plan of X , b = (p>, q>), and A = {0, 1}2n×n2

be an incidence matrix.
As
∑n

i,j=1Xij = 1, we following by the paper [JST19]
rewrite the optimal transport problem as
W (p, q) = min

x∈∆n2
max

y∈[−1,1]2n
{d>x + 2‖d‖∞( y>Ax− b>y)}.

Problem Formulation.
We reformulate the problem of calculating Wasserstein
barycenters of m histograms q1, q2,...,qm ∈ ∆n as a
saddle-point problem.
The Wasserstein barycenter problem is

p∗ = arg min
p∈∆n

1
m

m∑
i=1

W (p, qi).

The saddle-point formulation of this problem is

min
x∈X

max
y∈Y

1
m

{
d>x + 2‖d‖∞

(
y>Ax− c>y

)}
,

where spaces
X , ∆n2 × . . .×∆n2︸ ︷︷ ︸

m

×∆n and Y , [−1, 1]2mn,

column vectors
x = (x>1 , . . . , x>m, p>)> ∈ X , y = (y>1 , . . . , y>m)> ∈ Y ,
d = (d>, . . . , d>,0>n )>, c = (0>n , q>1 , . . . ,0>n , q>m)>, and
A =

(
Â E
)
∈ {−1, 0, 1}2mn×(mn2+n) with block-diagonal

matrix Â = diag{A,A, ..., A} of m blocks, and matrix
E> =

((
−In 0n×n

) (
−In 0n×n

)
· · ·
(
−In 0n×n

))
.

Numerical Experiments.
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Fig.1. Wasserstein barycenters of hand-written digits ‘5’
and letters ‘A’ computed by Mirror Prox for WB, and
Dual Extrapolation for WB, and the IBP algorithm with
small values of the regularizing parameter.

Fig.2. Convergence of Mirror Prox for WB and Dual
Extrapolation for WB to the true barycenter of Gaussian
measures w.r.t the function optimality gap
1
m

∑m
i=1W (p, qi)− 1

m

∑m
i=1W (p∗, qi).

Fig.3. Convergence of the barycenters obtained by Mirror
Prox for WB, and Dual Extrapolation for WB, and the
IBP to the true barycenter of Gaussian measures.
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