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log loss inverse logit ηi := ψ−1(β⊤xi)

inverse logit link

Logistic Regression | Modeling Binary Outcomes
● Logit model 

Y |x ∼ Bernoulli(η) where η = ψ−1(β⊤
* x) :=

1
1 + exp(−β⊤

* x)

2

link ψ(p)

inversemean η logit θ = β⊤x

inverse link ψ−1(θ)

● fitting via maximum log-likelihood 
min

β ∑
i

− log ηyi
i (1 − ηi)1−yi

 identifiability (  convex in  ), efficiency, asymptotic normality, etc.∵ β

 link misspecification (  symmetry of  )∵ ψ−1

β⊤x

small β

β⊤x

intermediate β

β⊤x

large βsteeperless steep
skewed link can’t be modeled!




Skewed Link | More Flexible Modeling
●GEV (Generalized Extreme Value) link 
     

❖  : skewness hyperparameter

ψ−1(θ) = exp ((1 + ξθ)−1/ξ
+ )

ξ

3
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[Wang & Dey 2010]ψ−1

θ

 single hyperparameter controls skewness (→ model selection) 

 MLE is no longer convex hence not necessarily identifiable 
 
 
 
 

❖ canonical proper loss is not defined for all logits over ℝ

β⊤x
log loss + logit link

y = 1 y = 0

β⊤x

y = 1
y = 0

log loss + GEV link ( )ξ = 0.5
[Agarwal et al. 2014]
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Our Idea: Fenchel-Young Loss + GEV Link = Convex 4

Definition. Given an entropy  associated with a link function, Fenchel-Young loss is


 

Ω : [0,1] → ℝ
LΩ( θ , y ) := Ω⋆(θ) + Ω(y) − ⟨θ, y⟩

logit outcome  : Fenchel conjugateΩ⋆

link ψ(p)

mean η logit θ = β⊤x

inverse link ψ−1(θ)

entropy Ω(p)

cumulant Ω⋆(θ)

inverse

∇p

∇θ

dual

canonical

loss

Fenchel-Young loss

θ

GEV loss (  )y = 1,ξ = 0.5

obtain Ω⋆

obtain Ω
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