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Problem Statement 1.

e The block diagonal matrix —
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e The partition 7, = (p1, p2, - - ., p¢) describes the block diagonal structure of X.

e Joint block diagonalization problem (JBDP) — Given a matrix set C = {C;}",
with C; € R%*?, The JBDP for C with respect to a partition 7,, is to find a full
column rank matrix A = A(7,) € R¥? (7,-block diagonalizer) such that all C;’s
can be factorized as

C;= A AT = Adiag(Z™, ..., 24T, i,

7

where 2;’s are all 7,-block diagonal.

e Blind JBDP (BJBDP) — solve JBDP without knowing 7,, and | card(7,)| is
maximized, 1.e., the number of the diagonal blocks 1s maximized.



Problem Statement, continued 2.

e Identification of BJDBP — Let (7,, A) be a solution to the BIBDP for C. Let
C = {Ci};il = {C; + E;}™,, where E; € R™ s a perturbation to C; for

~

1 <¢ < m. Under what conditions, and by what means, we can find a (7,, A)
such that

O~ AN AT = Zdiag(gi(n), L EZ-W))ET, Vi,
where ZNJZ-’S are all 7,-block diagonal matrices with 7, ~ 7, and Ais close to A
(up to block permutation and block diagonal scaling).

e Application — independent subspace analysis (ISA), blind source separation, etc.



A Case Study - ISA

e A basic model can be stated as
x = As.
— x € R?is the observed mixture;
— A € R?? is the unknown mixing matrix and has full column rank;
— s € R? is the source signal vector.
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e Assumption —Lets = [s{,...,s/]| withs; € R?%. Assume that each s; has
mean 0 and contains no lower-dimensional independent component, all s; are
independent of each other.

e It holds
Cyx = E(xx') = AE(ss ' )A' = ACA',
where (i, Cgs are the covariance matrices of x and s, respectively. By
assumption, Cg 1s 7,-block diagonal.

e Construct several empirical (time lagged) covariance matrices C of x. The
question is that whether we can find (7, A) by solving the BIBDP for {C;}

such that 7, ~ 7,, and A is “close” to A? Under what conditions? And how?



Cornerstone 4.

e Definition — Given a matrix set D = {D,}", with D; € R?*?, define
N (D)2 {X eR” | D;X —-X"'D;=0,1<i<m}.

e Optimization problem —

OPT(D) : m}%n tr(X?),

subjectto X € A (D), tr(X) = 0,tr(X?) = ¢.

e Theorem — Given a set D = {D,}", of ¢g-by-q matrices. Almost surely, it holds

(D) If D does not have a nontrivial diagonalizer, then the feasible set of OPT(D)
is empty, i.e., OPT(D) has no solutions.

(ID) If D has a nontrivial diagonalizer, then OPT(D) has a solution X..

X, has two distinct real eigenvalues, and the gap between them are no less than
two; The eigenvector matrix of X, 1s a diagonalizer.



Algorithm and Theoretical Guarantee 3.

Algorithm 1 Bi-Block Diagonalization (BI-BD)
i Input: A set D = {D;}", of ¢g-by-¢q matrices.
2 Output: (7, Z) such that Z is a 7,-block diagonalizer of D with 7, = (¢1, ¢2) or 7, = ().
3. if feasible set of OPT(D) is empty then set 7, = (¢q), Z = I;
s else Solve OPT(D), denote the solution by X,;
s Compute X, = Y diag(I, )Y 1, where I7 € R1*4, [}, € R2*%, both A\(I}) and
.  A(I3) contain only one real number, and the two real numbers are different.
7: Seth: (ql,QQ),Z:Y_T.
s: end if

Apply Algorithm BI-BD recursively, we can find (7,, A), a solution to BJBDP.

Theorem Assume that the BIBDP for C is uniquely 7,-block-diagonalizable, and let
(7, A) be a solution. Then (7,, A) can be identified via our algorithm, almost surely.

Able to handle noisy case as well.



Numerical Experiment
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The original source signals, the mixed source signals, and the recovered signals
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