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Ridge Regression

Given : 𝐀𝐀 ∈ ℝ𝑛𝑛×𝑑𝑑 ,𝐛𝐛 ∈ ℝ𝑛𝑛 in rows. 
Goal : 𝐱𝐱𝛾𝛾 ≡ argmin

𝐱𝐱∈ℝ𝑑𝑑
𝐀𝐀𝐀𝐀 − 𝐛𝐛 2 + 𝛾𝛾 𝐱𝐱 2

= 𝐀𝐀⊤𝐀𝐀 + 𝛾𝛾𝐈𝐈 −𝟏𝟏𝐀𝐀⊤𝐛𝐛
---------------- -----

Space: 𝑂𝑂 𝑑𝑑2 𝑂𝑂 𝑑𝑑
Time: 𝑂𝑂 𝑑𝑑3 𝑂𝑂 𝑛𝑛𝑛𝑛

Our approach: Use Frequent Directions (FD) (Liberty, 2013) to 
estimate 𝐀𝐀⊤𝐀𝐀 in stream.



Algorithm FDRR (Based on Frequent Directions)

Frequent  Directions  Ridge  Regression

Input:𝐀𝐀 ∈ ℝ𝑛𝑛×𝑑𝑑,𝐛𝐛 ∈ ℝ𝑛𝑛, ℓ, 𝛾𝛾
𝚺𝚺 ← 𝟎𝟎ℓ×ℓ,𝐕𝐕⊤ ← 𝟎𝟎ℓ×𝑑𝑑, 𝐜𝐜 ← 𝟎𝟎𝑑𝑑
𝐂𝐂 = 𝚺𝚺𝐕𝐕⊤ Initialization

for batch 𝐀𝐀ℓ ∈ 𝐀𝐀,𝐛𝐛ℓ ∈ 𝐛𝐛 do

end for

_,𝚺𝚺′,𝐕𝐕′⊤ ← 𝐬𝐬𝐬𝐬𝐬𝐬 𝐂𝐂⊤;𝐀𝐀ℓ⊤
⊤

𝚺𝚺 ← 𝚺𝚺ℓ′
2 − 𝜎𝜎ℓ+12 𝐈𝐈ℓ

𝐕𝐕 ← 𝐕𝐕ℓ′
𝐂𝐂 = 𝚺𝚺𝐕𝐕⊤
𝐜𝐜 ← 𝐜𝐜 + 𝐀𝐀ℓ⊤𝐛𝐛ℓ

𝐜𝐜′ = 𝐕𝐕⊤𝐜𝐜
�𝐱𝐱𝛾𝛾 ← 𝐕𝐕 𝚺𝚺2 + 𝛾𝛾𝐈𝐈 −1𝐜𝐜′ + 𝛾𝛾−1 𝐜𝐜 − 𝐕𝐕𝐜𝐜′
return �𝐱𝐱𝛾𝛾

size ℓ batch 𝐀𝐀ℓ and 𝐛𝐛ℓ

Frequent Directions

Compute 𝐀𝐀⊤𝐛𝐛 on the fly

Return the solution �𝐱𝐱𝛾𝛾 = 𝐂𝐂⊤𝐂𝐂 + 𝛾𝛾𝐈𝐈 −𝟏𝟏𝐀𝐀⊤𝐛𝐛 = 𝐕𝐕𝚺𝚺2𝐕𝐕⊤ + 𝛾𝛾𝐈𝐈 −𝟏𝟏𝐜𝐜
Recall the RR solution 𝐱𝐱𝛾𝛾 = 𝐀𝐀⊤𝐀𝐀 + 𝛾𝛾𝐈𝐈 −𝟏𝟏𝐀𝐀⊤𝐛𝐛

𝐂𝐂



Frequent  Directions  Ridge  Regression

Running time: 𝑂𝑂 𝑛𝑛𝑛𝑛ℓ , required space: 𝑂𝑂 𝑑𝑑ℓ . Note that ℓ ≤ 𝑑𝑑. 
If

ℓ ≥
𝐀𝐀 − 𝐀𝐀𝑘𝑘 𝐹𝐹

2

𝜀𝜀𝛾𝛾
+ 𝑘𝑘, or 𝛾𝛾 ≥

𝐀𝐀 − 𝐀𝐀𝑘𝑘 𝐹𝐹
2

𝜀𝜀 ℓ − 𝑘𝑘
Then

• �𝐱𝐱𝛾𝛾 − 𝐱𝐱𝛾𝛾 ≤ 𝜀𝜀 𝐱𝐱𝛾𝛾 , or the coefficient error 
�𝐱𝐱𝛾𝛾−𝐱𝐱𝛾𝛾
𝐱𝐱𝛾𝛾

≤ 𝜀𝜀

• �𝐱𝐱𝛾𝛾⊤𝐚𝐚 − 𝐱𝐱𝛾𝛾⊤𝐚𝐚 ≤ 𝜀𝜀 𝐱𝐱𝛾𝛾 𝐚𝐚 for any 𝐚𝐚 ∈ ℝ𝑑𝑑

• ℬ2 �𝐱𝐱𝛾𝛾 ≤ 1 + 𝜀𝜀2

𝛾𝛾2
𝐀𝐀 2

4 ℬ2 𝐱𝐱𝛾𝛾

• 𝒱𝒱 �𝐱𝐱𝛾𝛾 ≤ 1 + 1
𝛾𝛾
𝐀𝐀 2

2 𝒱𝒱 𝐱𝐱𝛾𝛾



Experiments
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